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DIRECT THEOREMS ON METHODS OF SUMMABILITY 
G. G. LORENTZ 
§1. INTRODUCTION 


1.1. Aregular Toeplitz method of summability is given by a transformation 
\ 


oO 
1.1(1) Cu= > GunSa; oe o- 
n=0 
of the sequence s, into the sequence ¢,. According to the definition of regu- 
larity, every such method sums a convergent sequence s, to the value lim s,. 
The question naturally arises, whether there are more extensive classes of 
sequences summable by all regular methods 1.1(1) or at least by all such 
methods subject to some simple additional conditions. Questions of this kind 
have been treated by the author (Lorentz [2], [5]) and, from another point of 
view, by R. P. Agnew [2] [3] ; in this paper we wish to discuss the problem 
systematically. 

We first define classes of sequences considered in the sequel. The character- 
istic function w(n) of a (finite or infinite) sequence m,< m.< ... of positive 
integers is defined for all m 2 0 as the number of n, satisfying the inequality 
n,in. Throughout the paper, Q(n) denotes a non-decreasing positive function 
defined for n = 0 and tending to + @ forn-—++ ©. For any such function, 
the class €,(Q) consists of all real bounded sequences s, for which the set of 
indices m,< m2<... with non-vanishing s, has a characteristic function 
w(n)S Q(n). Again, the class €,(Q) is constituted of all real sequences s, such 
that the sums S,= so+ ... + 5, have the property S, = O(Q(m)). 

Q(n) is a summability function of the first kind or of the second kind for the 
method A, if all sequences of €,(Q) or €,(Q), respectively, are A-summable. 
Summability functions of the first kind (for brevity, we shall sometimes simply 
call them summability functions) have been introduced by the author (Lorentz 
(5) ). 

In § 2, we state some properties of summability functions, and give neces- 
sary and sufficient conditions for a function Q(m) to be a summability 
function for a Toeplitz method A. §3 deals with relations between sum- 
mability functions and Tauberian conditions. § 4 introduces simple sufficient 
and simple necessary conditions used later. In § 5 we determine summability 
functions for several special methods; and Hausdorff methods are treated in § 6. 
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§ 2. SumMABILITY FUNCTIONS OF THE FIRST AND THE 
SECOND KIND 


2.1. First some remarks on characteristic functions. If the sequences 
n,, n, have characteristic functions w(m), w’(n) respectively, then their sum has 
a characteristic function < w(n)+ w'(m). Further, n,< n, for all » is equi- 
valent to w(n)= w’(m), n = 0,1,.... 

For every sequence , with the characteristic function w(m) and every posi- 
tive integer k, a decomposition of nm, into a sum of k + 1 subsequences exists 
such that one sequence is finite and the others have characteristic functions 
S w(n)/k. Indeed, the subsequences m, mo, . . . , me, and {mt sk+it cS) 
+=0,1,..., & — 1) provide the required decomposition. 


2.2. A summability function of the second kind for a method A is also a 
summability function of the first kind for A. If 2(m) is a summability function 
and 2’(m)S CQ(n) for all m = 0, C being a constant, then 0’(n) is also a sum- 
mability function of the same kind. The proof depends upon the decom- 
position of the sequence m, mentioned in 2.1. 

If the method A is contained in the method B, ACB, all summability 
functions of A are also summability functions of B. 

For a summability function of the first kind Q(m) we always may assume that 


2.2(1) Q(n + 1) — An) <1, n= 0. 
For if Q’(m) is defined by Q’(x) = 2(0), 0 S x <1 and, inductively, by 
Q’ (x)= min [Q’(n — 1)+- 1, Q(n)],n Sx <n+1,n =1,2,..., then ® has 


the property 2.2(1) and is or is not a summability function together with Q. 


2.3. We proceed to formulate necessary and sufficient conditions in order 
that a given function Q(m) be a summability function for a Toeplitz method 
1.1(1). 

THEOREM 1. Q(m) is a summability function of the first kind for the method 
1.1(1), if and only if 

foo] 
2.3(1) lim & | Gmn,| = 0 
m>O v=l 


for every sequence n, with a characteristic function w(n) S Q(n), or if and only if 


2.3(2) lim A(m;Q) = 0 
m-> 2 
where, form = 0,1,..., A(m;Q) is the least upper bound of + ,| Onn, | for 


all sequences n, with w(n) S Q(n). 

These conditions being fulfilled, every sequence s,e€,;(Q) is A-summable to 0. 

For the proof, see Lorentz [5, theorems 9 and 10]. 

THEOREM 2. A function Q(n) is a summability function of the second kind 
for a method 1.1(1), if and only if 

eo 
2.3(3) lim > Q(n)| dmn— Gm, n4t | = 0. 
mo n=0 


If this condition is satisfied, every sequence s,e€(Q) is A-summable to 0. 





So. . emag 





meee, eee 


ON METHODS OF SUMMABILITY 307 


Proof. First suppose that 2(m) is a summability function of the second kind. 
Let &, be any bounded sequence; put S, = Q(n)&,, 2 = 0, 1,...; S.1=0 and 
Sn = Sa- ar Then 


om =i amnSn = E Ome [Q(n)E,— Q(n — 1)En—1) 


is convergent and has a limit for m—>@. We choose fon= fn, Eonar = 0; 
om becomes 


n= 2 2(2n) (am » tn Om, 2% +1) i.= Zoant a: 


This is a summability method applicable to all bounded sequences f,. Since 


bmn — 0 for mo, n = 0,1,..., by a theorem of I. Schur [1] we have 
foo] 
lim Q(2n) |am, 2n— Om; 2n41| = 0. 
m>oO n=O 


Odd indices 2m + 1 can be treated similarly; we thus obtain 2.3(3). 
Conversely, if 2.3(3) holds, and if s, is a sequence such that S,= O(Q(n)), 
we have dm, n412(n) 0 for no and every fixed m = 0, 1,... and there- 
fore dm,n+15n— 0. Letting m become infinite in the finite Abel transformation 
we have 
on= 7. AmnSn = ym (Gun — Om; n+1) Sa. 
n=0 n=0 


2.3(3) and limpzdm,.= 0 imply ¢,— 0. This completes the proof. 


2.4. A method A is called strongly regular, if every almost convergent 
sequence S$» is A-summable; the necessary and sufficient condition is (Lorentz 
(5) ): 

@o 
2.4(1) lim > | @mn— Gm, n41| = 0. 
m>o n=0 
From this, one easily obtains: 

THEOREM 3. A regular Toeplitz method A is strongly regular if and only if 
A possesses a summability function of the second kind. 

The assertion follows at once from the criterion 2.4(1) and the following 
lemma: 

LemMA 1. If GmnZ 0 and if 9m= DLh-04mn— 0, a function Q(n) exists such 
that 2,2(n)dmn— 0. 

Proof. For every m = 0, 1, 2,... there is clearly a function Q,,(m) of the 
required kind for which 2,Q2,(”)dmn& 24m. Moreover, we can choose a non- 
decreasing sequence of positive integers kn— + ©, for which kmam— 0. Let 


Qin)= min {knt+2,(n)}, n=0,1,.... 
m=Q0,1,... 


This function is non-decreasing, positive, and it is easy to see that Q(n)T+ @. 
Finally, 2,2(n)dmnS kmtm+ 2nm— 0, which proves the lemma. 
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The analogue to Theorem 3 for summability functions of the first kind is 
this (Lorentz [5]): A Toeplitz method A possesses summability functions of 
the first kind, if and only if, for m -@, 


2.4(2) max |dmna|— 0. 


n=0,1,... 
2.5. Another consequence of the lemma is 


THEOREM 4. For every summability function of the second kind Q(n) for a 
method A there is another such function Q,(n) with Q,(n)/Q(n) T+. 

That generally not all summability functions of the second kind are of the 
form Q(n)= o(¢(m)) with an appropriate ¢(m) is shown by the example of 
Riemann’s method R; in 5.4. 

A similar theorem is: 

THEOREM 5. For every, summability function of the first kind Q(n) for a 
method A there is another such function Q,(n) for which Q,(n)/Q(n)T +o. 

Proof. Using the notation of Theorem 1 we have A(m;Q2) — 0. Moreover, 
by the theorem referred to above, 


m= max | Gmn | — 0. 


We choose a non-decreasing sequence of positive integers km]? + © such that 


kmA(m;2)—0, Rmin— 0. 
Then 
2.5(1) A(m; kyQ) — 0. 
For, according to 2.1, every sequence of integers n, with the characteristic 
function S k,,Q(n) is a sum of a finite sequence consisting of k», elements and 
of k» infinite sequences whose characteristic functions are S Q(n). Therefore 


os | amn, | s Rmim+ RmA(m; Q) 


and 2.5(1) follows from the definition of A(m; kp). 
We may choose integers N,, 1+ © such that 


éem= > |amn| 70. 
n>Nm 
Now let 
Q:(n) = kpQ(n), Nat @ qj} Nase, © @ 1,2,...% 
then Q;(n)/Q(n) T+ and 


A(m;%:) Séemt+ sup > | mn, | - 


{n,} np SN 


where {n,} stands for all sequences whose characteristic functions are 
= 2,(n). Since 2;(m)S kp»Q(n) for n S Na, 


A(m;2;:) S ém+ A(m; Rm). 
This completes the proof. 


di 


ist 
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§3. RELATIONS BETWEEN SUMMABILITY FUNCTIONS AND TAUBERIAN 
CONDITIONS 


3.1. A condition on a sequence s, is called a Tauberian condition for a 
method A, if every sequence s,, which is A-summable and satisfies this con- 
dition, is convergent. We now show, that the knowledge of summability 


functions of a method enables one to draw some conclusions about its Tauberian 
conditions. 


THEOREM 6. If Q(n) is a summability function (of the first kind) for a regular 
Toeplitz method A, then 


3.1(1) Un= Sna— Sn—1= 0(2(n)™) 


is not a Tauberian condition for this method. 

This theorem gives a precise limit from below for Tauberian conditions of 
the form u,= 0(¢(m)) for all summability methods treated in §§ 5-6, except 
for the rather pathological method 5.3(3). 

For the proof of Theorem 6 we need Lemma 2, interesting in itself. The 
following remarks are intended to elucidate its meaning. Both the conditions 


3.1(2) n= O(n), on= Sp/m = (Sot. ..+ Sn)/m = o(n*") 


constitute for every 0 S$ a $1 a Tauberian condition for the method C; 
(Ananda Rau [1], Karamata [1], Boas, Jr. [1]). We show that the conditions 
3.1(2) may not be relaxed: for every function Q(m) for which 2Q(n)"'= + 0 
there is a divergent series Du, such that u,= O(Q(n)—), on = O(Q(n)/n). Even 
more is true: 


LEMMA 2. For every function Q(n) for which TQ(n)"'= +0 a bounded 
divergent sequence s, exists such that Uun= Sa— Sn_1= O(Q(n)~) and that the 
characteristic function of the indices n which have the property s,# 0 does not 
exceed Q(n). 

Proof. We define two sequences of positive integers m,< m<... 
< m,< n,<... such that Q(m,)~!< 1/9, that the characteristic function of 
the sum of the intervals m,s n S n,,v = 1, 2,...is S Q(m) and that further- 
more 
3.1(3) > Amn) 2 1/3, » = 1,2,.... 

m 2nan, 
We proceed by induction. Let m, m,..., m,—1, m,-, be already defined. 
Then m, is chosen such that 
r—1 


LX (n,— m,+ 1) S 2Q(m,)/2 S A(n)/2, n 
a=l 


IV 
= 


Since Q(m,) = 4, the integer N = m, + 1 has the property that the character- 
istic function of the interval m,< n < N does not exceed Q(n)/2 for n = m,. 
If all integers N = m, + 1 have this property, m, is chosen arbitrarily to satisfy 
3.1(3). On the other hand, if No is the first integer > m,+ 1 lacking the 
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above property, we put m,= No— 1. Then No— m,+ 1 2 Q(No)/2. Hence 


DL Wn) t*2> (No— m,+ 1)2(No)™* 2 
my ans No 


ni 


In this case 3.1(3) also holds.—-The sum of the intervals m,Snsn,,v=1,2,... 
thus defined has a characteristic function < Q(7). 


We now choose integers J,, » = 1,2,... for which m,s l,< n, and 
1 1 
> amu) 2 -, > Am) 2] -, y= 1,2,... 
maonsl, 9 ly<n 3B ty 9 
Then for msn Sn,, v =1,2,... real u, exist such that | ttn | S Q(n), 
un 0 for m,S n Sl,, uns 0 for 1,< n Sn, and 
1 1 
Un=-—, Sn. —-. 
msansl, 8) ly <nSny +) 


Let u,= 0 for all remaining n. It is easily seen that the sequence s,= >o5u, 
has all the required properties. 

Proof of Theorem 6. For a summability function Q(m) of a regular Toeplitz 
method we have 2&(n)'= +o. #£=For otherwise 2Q(n)"'— 0, and so 

= 0(Q(n)) would be a summability function. Thus all bounded sequences 
are A-summable to 0, which contradicts the theorem of I. Schur referred to 
in 2.3. Thus by Lemma 2, we obtain the assertion of Theorem 6 with the 
condition u,= O(Q(n)~) instead of 3.1(1). The general statement now fol- 
lows from Theorem 5. 


§4. SuMMABILITY FUNCTIONS OF THE ForM Q(n) = o(n) 


4.1. Before treating special methods we insert a few simple sufficient and 
simple necessary conditions for summability functions. In many cases they 
are all contained in the formula Q(m) = o(n). 


THEOREM 7. Suppose that there is a monotone majorant (amn) of the matrix 
(@mn) having the properties: amn 2 0, Qmn 1S non-increasing for every fixed 


m =0,1,..., amo 0, | @mn| & amn and finally 
ie2) 

4.1(1) = ann S M, m=0,1,... 
n=0 


with a constant M. Then all functions Q(n)= o(n) are summability functions 
for the method 1.1(1). 


Proof. It will be sufficient to prove 
4.1(2) lim > amn,= 0 
m>o vel 


for every sequence n, with a characteristic function w(m)= o(m). Let p be an 
arbitrary positive integer; we may assume (by omitting, if necessary, a finite 
number of ,), that w(m) <= n/p holds for all mn = 0,1,... . Since n,2pw(n,) 


Cor 
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= yp, it is possible, by induction in k, to determine integers n,*, » = 1,2,..., 


k = 1,2,..., p, all‘of{which are different, such that n,*< n,. Then 
’> Gmsn s Ff ono & Mt. 
a=l ° ear ° 


Hence 2,amn,3 M/p. Since p was arbitrary, our result is established. 
Summability functions other than those of the form o(m) may occur in 
abnormal cases only, as is shown by the following theorem: 
THEOREM 8. If a Toeplitz method A possesses a summability function 
Q(n)# o(n), then A is a gap method, that is to every « > 0 and every C > 0 there 
is a corresponding n’ as large as we please such that 


4.1(3) - lanl << m=0,1,.... 
ee Sn2sCn’ 
Proof. Suppose that lim Q(n)/n > 2c > 0. Lete > Oand C > Obe chosen 
arbitrarily; we may assume that C/c is an integer. According to 2.3(2), an mo 
exists such that 


4.1(4) A(m;Q) < «c/C, m= mo. 

For an mo sufficiently large we have 

4.1(5) > aieel < & m < mo. 
n= 


Let an integer m’ be chosen for which n’2 mo, cn’ => 1 and Q(n’)/n’= 2c. Each 
of the closed intervals 


[n’, n’+ cn'|, [n’+ cn’, n’+ 2cn’],..., | »’+ (C - 1) cn’, n'+C n’| 


contains no more than 
cn'+ 1 S 2cn’s Q(n’) 
integers; characteristic functions of each interval are therefore < Q(m) for 
n=0,1,.... By 4.1(4), 
af 


|amn| S —A(m;2) <.«, m= mo. 
n’ SonsCn’ c 


The same inequality for m S mp follows from 4.1(5). 

The following remarks are useful for the determination of summability 
functions of the second kind. Let o, signify the Cesaro mean ¢,=(so+...+ 
Sn)/(n + 1) of asequence s,. From the definition 1.1 it follows that all func- 
tions 2(n) = o(¢(n)) are summability functions of the second kind of a method 
A if and only if ¢,— s = o(¢(n)n™) implies the A-summability of the sequence 
S,to0. Thus, the assertion, that all functions Q(n) = o(n) have this property 
for A is equivalent to A DC,. Suppose, for instance, that @m,2 0 for all m, n 
and that for every fixed m the a,» are first increasing up to their maximal 
value for m = mo= mo(m) and then decreasing to 0. Then A D C, holds if 
and only if 


4.1(6) Nomn, = M 














312 G. G. LORENTZ 


is true with an M independent of m. For 4.1(6) is clearly equivalent to 
@o 
4.1(7) > n | dmn— Om; a+1| s M’ 
n=0 


which is necessary and sufficient for the inclusion A D C, for any regular 


Toeplitz method A (Orlicz [1] ). 


§5. Some SpeciaL METHODS 


5.1. The methods of Cesaro and Abel. All summability functions of the 
method C; are clearly given by the formula Q(m) = o(m). The same is true for 
C,(a > 0) and the Abel method A, since all these methods are equivalent for 
bounded sequences. All functions 2(m) = o(m) are also summability functions 
of the second kind for the methods C,(a = 1) and A, since these methods 
contain C;. There are no other functions, for A is not a gap method as is 


seen from 
22-1 


(l—r) > r=e=r1—-r") - ec '- & 


forr=1—n',n-o. 

Finally, by a simple computation it may be deduced from Theorem 2 that 
all summability functions of the second kind for C,(0 <a< 1) are furnished 
by the formula Q() = o(n*). 


5.2. The methods of Euler and Borel. The Euler method E,(0 < t < 1) 
is defined by the transformation 


5.2(1) on= r p,{t)s,, 


»=0 
PAt) = Pn(t)= (")ea —#)"",0 Sv SN, Pas, alt) = 0, 
and the Borel method by 


Cc n 


5.2(2) sla o* Ss —s,, x4 +o, 
n 


n=0 
For these methods a function Q(m) is a summability function of the first or 
of the second kind if and only if Q() = o(Vn). Since E,C B, it will be suffi- 
cient to prove: (i) Every function Q(n) = o(WVn) is a summability function of 
the second kind for E,(0 < t < 1); (ii) If Q(n)¥ o(Vn), Q(n) is not a summa- 
bility function for B. 
To prove (i) observe that the sum 2.3(3) takes for the transformation 5.2(1) 
the form 


A(n; 2) = F M»)| p.(0)— Poalt)| < O(n) a p(t)— Pr+(t) | 
S 2Q(n) max ,(t) < 2Cn—'Q(n) > 0, 
Osvrsan 


if Q(n) = o(Vn). As a matter of fact the ‘‘Newtonian probability” p,,(¢) for 


lukas | 
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fixed m, ¢ and » varying in the interval 0 S » S nm increases first and then 
decreases; and the maximal value of p,(t) does not exceed Cn~', where C 
depends on ¢ only. 

(ii) Let Q(n)¥ o(Vn), then a 6 > 0 exists for which Q(m) = 8V n holds for 
an infinity of m. For these m and the Borel transformation 5.2(2) 


A(in;sQX)}2 6° YL w/Twt+1) = Cre *dn’y °C 


n<van+ivn 


Cy ae y? (1 - — “ye 


n<van+ivn 





= 





(Ci, C2,... are constants). Since v log (1 _ ) = — (v — n)+ C; for 


Osv—ns iVn, 


Am2O2z2G xc vt2zaQ>0. 
n<vant+ivn 


Hence, by 2.3(2), Q(m) is not a summability function for the method B. 


5.3. Some other methods. For the Lambert method L 


o(x) = ee “, = E 4,(2)s,, x->e1l-, 
5.3(1) 


x"(y — x —-+-— x’) 


(1 ++ +--+ x?")(1 +- +--+ 2’) 





a(x) = 


(both forms are equivalent, see for instance Lorentz [3, theorem 10]) and for 
the method 


n ! 7 _ 
5.3(2) a= 5 (*)% west E(1-2)...(1-! YF s, 
y=0O v n y=l n % n 


(Rey-Pastor [1], S. Bernstein [1], Amerio [1]) all summability functions of the 
first and of the second kind and only these are furnished by Q(n) = o(m). The 
positive part follows from 4.1(6) with m»= 0 for L and with no=vVn for the 
method 5.3(2); and the negative part is a consequence of Theorem 8. We 
leave details to the reader. 

The method 
5.3(3) om = Sqm 





has no summability functions at all; but Tauberian theorems exist for this 
method. Thus, u,= o(m~') is a Tauberian condition (0 may not be re- 
placed by QO). 
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5.4. The Riemann methods R,. R,,k = 2, 3,... is related to the trans- 


formation 
© /sin nx \* 
a(x) = > (2) Un 
n=O Nx 


oo sin nx \* _ (sin (n + vs)" ae 
={( nx ) ( (n + 1)x ~~ Ree. 


Both forms are equivalent for bounded s,. We take the second as the de- 
finition. 

The derivative of the function ¢(u) = (sin u/u)* has the property |’ (u)| s 
C(u + 1)~*, C depending only on k. Hence for x > 0 


5.4(1) 








d 
lie ¢o(xu)| = | ¢' (xu) | x S Cx(xu + 1)-* S Cys for u = =. s=1,2,.... 


We put a,(x) = (sin nx/nx)*— (sin (n + 1)x/(n + 1)x)* and 


Ss s+1)r 
ao(x) = Cix, an(x) = Cyxs* for _ sn< 2252. 
x x 
The functions a,(x) constitute a monotone majorant for a,(x) in the sense of 
Theorem 7. In particular, 


@ 


E ale) sS2(14 Et)=M< te. 


n=0 s=1 
By Theorem 7 (or rather by its continuous analogue), all functions Q(n) = o(n) 


are summability functions for the methods R,, k = 2,3,.... There are no 
others by Theorem 8, since 


x | an(x) | 


a rT 
—-sn<— 
z* = 


converges for x + 0 + to the positive number max |¢(u)|, * < u < 2r. 
Summability functions of the second kind are also given by 2(n) = o(n), if 


k =3,4,.... As to Rs, they are defined by 
5.4(2) > Q(n)n?*< +0. 
n=1 
For consider 
A(x; 2) = x An) | an(x) — Gn4s(x) | 


5.4(3) 


E O(n) | (nx) — 26(nmx + x)+ o(nx + 2x)|. 
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The derivative ¢”(u) exists for u 2 0 and has the properties | o”’(u)| Ss Cu, 
\¢’"(u)| < Cy. Therefore (0 < @ < 1) 

|A*o(nx)| = x*|¢’" (mx + 20x)| < Cyr’, Osnxsl 

|A?o(nx)| < Ca(mx)—*x®, nx = 1. 
Thus, 5.4(3) becomes 

Ax; =) + L 


nx<1 nx21 
< Cx 2 An)+ Cyx** X A(n)n-*. 
nx< azz 

Since Q(m) = o(n) also holds in case of 5.4(2), the first term on the right is 
= Cyx*o(Zn<2-1m) = Cyx*o(x*) = o(1), while the second term = Cyx** 
O(Znze—1n'*) = Cyx**o(x**) = o(1) for k > 3 and = Co(1) for k = 2, if 
5.4(2) is fulfilled. It remains to show that, if DQ(n)n*= + ©, Q(n) is not 
a summability function of the second kind for Rs. 

For small x > 0, we wish to estimate |A*¢(nx)| = x*|¢’"(u)|, u = nx + 26x, 


0 < 6 < 1 from below for 





n— =| S 4/10x. Since ¢’’(u) = 2u-? cos 2u + 
O(u-*), ifu-o@, | o”’ (u)| 2 u~ holds for | = sm| < 7/8 and all sufficiently 


large integers s. Thus |A?o(nx)| = n~ for 





n — =| Ss 7/10x. Since 
x 





xX An) |A*G(nx)| = x A(n)n 
Es |s-2] 5% 
= Cs oe Q(n)n* = v, 
GAO, ses t+ 


and since the series Zv, is divergent, A(x; 2)= SP. oQ(n)| A*¢(nx) | =+, 
which proves our result. 


§6. Hausporrr METHODS 


6.1. A Hausdorff method H, is defined by the transformation 
n 1 
6.1(1) on = De anrss = I. Le Pent) s dex); 
g(x) is a function of bounded variation in [0, 1] and p,,(x)= p,(x) is the 


“Newtonian probability” (")ra —x)""". Without loss of generality we 
v 


may assume, that g(x) is normalized, that is, it has the properties g(0) =0 and 
g(x) = [g(x+)+ g(x — )]/2 for 0 < x <1. 

H, is regular if and only if g(x) is continuous at x = Oandifg(l)=1. H, 
is strongly regular if, and only if, H, possesses summability functions of the 
first kind or, if and only if, g(x) is continuous at x = 1 (Lorentz [5]). In this 
section we determine the summability functions for a method H, in terms of 
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the generating function g(x). The following theorem yields summability 
functions for every method H, with a discontinuous g(x). 

THEOREM 9. (i) A regular Hausdorff method can not be a gap method. 
(ii) If H, is strongly regular, all functions Q(n) = o(Vn) are summability func- 
tions for H,. (iii) If g(x) has a jump at a point 0 < x9< 1, then all summa- 
bility functions of H, are of the form Q(n) = o(Vn). 

To prove (i), suppose that g(x) is continuous at x = 0; let 0 <a <b< 1 
be two points of continuity of g(x). We choose a gq, 0 < q < 1, arbitrarily. 
If H, is a gap method, then, for every « > 0, 





| an, 
NS+36N/aq 


< € 2=(0,1,... 


is true for some WN as large as we please. To every sufficiently large N there 
corresponds an integer » = m(N) such that ng < N/a <n. Then a<v/n<b 
implies N S vy S bN/ag. Hence 





J. Z paleddgs)|< CO onl <e 


, ” 
oS—sb as5s> 


The sum under the integral converges to 1, if a < x < b and to 0 outside of 
this interval. Letting m become infinite, we obtain 


b 
| [ae 


Since ¢ was arbitrary, g(a)= g(b). Therefore, the normalized function g(x) 
is =OinOsx<1. As g(l)= 1, 6.1(1) becomes ¢,= s,, which contradicts 
the assumption that H, is a gap method. 

(ii) Suppose that H, is strongly regular, that Q() = o(Vn) and that »%, isa 
sequence with a characteristic function w(m)< Q(m). We put 


6.1(2) fn(x) _ >> Pryn(X) - 


kan 





Ss «. 


Then f,(x) — 0 uniformly in 6 S x S 1 — 6 for any fixed 6 > 0. For in this 
interval the estimate ~,,(x)< Cn~' holds with a constant C depending only 
on 6. Therefore 0 < f(x) < Cn w(n) = 0(1). We are now in a position to 
prove that 2.3(1) holds, that is that Q(m) is a summability function. If 


V(x) = var g(t) in 0 St Sx, 


1 3 1-8 1 
_ | nrg | s | fn(x)d Vix) | — | a | 
sn 0 0 


” cy 1-8 


The second integral converges to zero as nm ~~, and the remaining two are 
arbitrarily small with 4, since 0 S f,S 1 and V(x) is continuous at x = 0 and 
x=1. 





mw 
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It remains to prove (iii). Let a be the jump of g(x) at x = xo, and suppose 
Q(n)n-* ~> 0. We can choose a 6 > 0 such that for an infinity of 
6.1(3) Q(xon/2)n—* = 5. 
We wish to show that A(m;Q) ~> 0 (compare 2.3(2)). If m is an integer 
satisfying 6.1(3), let », be the finite sequence consisting of all » with the pro- 
perty |y/n — xo| < 5/2n'. We need the following result concerning the 


probability »,,: an absolute constant C,; and a C;= C2(xo, 5) > 0 exist such 
that 





ym Prn(x) Ss Cin™, 
6.1(4) v/n—x|zn~ 
¥ , Prn(*) = C; . 
v/n — x|\<b/2n 
We have 
1 | 
A(n:9) = 5 | Pouneddee 
= 


, 
la] © Pyn(x0) — \, E Pyn(x)d V(x), 
k OR 


where V(x) is the variation of the function g*(x), resulting from g(x) by omis- 
sion of the jump a. The latter integral is smaller than 
var g*(x) + var g*(x)-Cm*-0, no, 
[g-z[eet OS 
Thus by 6.1(3) and the second part of 6.1(4), A(m; 2) #0, and the proof of 
the theorem is complete. 

6.2. We now treat methods H, for which the generating function g(x) is 
absolutely continuous. 

THEOREM 10. [Jf g(x) is absolutely continuous, then the summability functions 
for the method H, are furnished by the formula Q(n) = o(n). 

Proof. That there are no summability functions which do not satisfy 
Q(n) = o(n) is implied by Theorems 8 and 9(i). Suppose now that », is any 
sequence of integers with a characteristic function w(m)= o(m). If f,(x) is 
again defined by 6.1(2), 


1 1 
|isacenae = 2X [’ p,,(x)dx = -s" w(n) > 0. 
Therefore, for every « > 0 and every integer m sufficiently large, the interval 
[0. 1] may be represented as the sum e,+ e, of two disjoint measurable sets 
€n, €, for which me, < ¢ and fn(x) < € if xee,. Hence 


pe | an»,| z J pos |e) | a - J faCe)| Ge | a 


| +]. s | ieflae + ¢ [eax 


Since both the last terms are arbitrarily small with ¢, the proof is complete. 
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By combining a gap theorem of Agnew [1] with a result of the author 
(Lorentz [4, theorem 1]), one may deduce that 


6.2(1) — ( :) 
n 


is a Tauberian condition for any Hausdorff method. Theorems 6 and 10 show 
now that u,= 0(¢()) is not a Tauberian condition for any Hausdorff method 
with an absolutely continuous g(x) if ¢(m) | 0 and n¢(n) —- +. 

As to the summability functions of the second kind, we are able to show 
that all functions Q(n) = o(Vn) are summability functions of the second kind 
for the method H, if g(x)e Lip 1. We do not know whether this result can 
be improved. 


Suppose 2(n) = o(Vn); we shall show that 
n | 1 
A(n; 2) = ¥ a) i} { p(x) — pr4s(x) } dg(x) | > 0. 
r= 
Since g’(x) is bounded, it will be sufficient to prove 


6.2(2) A(n) 


ll 


an) | 5 | pete) — esate) | dx 


1 
22(n) I; a= b,(x)dx — 0. 


For a fixed x, the above maximum is attained fora v = yo(x) such that 
| vo/m — x| <n. We use the estimate (Lorentz [1]) 


6.2(3) prn(x) S [x(1—x)n]-+, if | v/n—x\| < x/10, | »/n—x| < (1—x)/10. 
Hence, 
Pryn(x) S [x(1 — x)n}, 10/n < x < (mn — 10)/n. 


= (n—10)/n 10/n 1 
A(n) 22(n) tam + I + pee 


= f dx 20) p 
1). JeGoee tf 


Therefore 


lA 


which proves 6.2(2). 
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A GENERALIZATION OF EPSTEIN ZETA FUNCTIONS 
S. MINAKSHISUNDARAM 
(With a supplementary note by HERMANN WEYL) 


§1. An Epstein zeta function (in its simplest form) is a function repre- 
sented by the Dirichlet’s series 





(i e expt (myai1+- of n,ar) - ; 
(nP+ n2+---+n,*)*’ s=o+tr 
where a;... a, are real and m, m2,... m, run through integral values. The 


properties of this function are well known and the simplest of them were 
proved by Epstein [2, 3]. The aim of this note is to define a general class of 
Dirichlet’s series, of which the above can be viewed as an instance, and to 
discuss the problem of analytic continuation of such series. 

The point of view is the following: The exponential functions exp i(mix, 
+----+ m,x,) may be viewed as the eigenfunctions of 


a 2 





u 
(2) Au+ru => ~+ hu = 0 
i=1 Ox? 
in the domain D = (0 < x;,...,x,< 2x), the boundary condition being 
u(0, Xs,..., Xe) = U(2e, Xe,..- 5 Xb) 
(3) u(x, 0, x3,..., Xe) = u(x1, Qa, Xs, ... » Xe) 
u(x1, occ 9 Sh—lys 0) = u(x1, oce 9 Sh—ly 2r). 


The associated eigenvalues may be verified to be m;’+...+ m,’. If we arrange 
the eigenfunctions and eigenvalues into sequences w,(x), A, we observe that 
(1) may be written as 


* wn(x)wn(y) 
_—- % = (x1,..., Xb) 


(we have only to set a;= x;— y; in (1)), where 2’ indicates that the zero eigen- 
value is omitted in the summation. 

Taking this point of view, we shall consider the eigenfunctions of (2) for a 
general class of domains and for the I and II boundary value problems and 
study the corresponding Dirichlet’s series which may be easily defined. 


Received July 8, 1948. 
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§ 2. In the k-dimensional Euclidean space, let D denote a bounded domain 
with a regular boundary B, so that the following boundary value problem 


ek Pu 
(4) Au+r\u= > — + ru = 0, 
i=1 Ox? 
I u(x) = u(xi,..., xk) = 0 on B 
or 
I — 7 ee on B 


on 


a — —_— 
where ~ denotes the derivative along the normal, has an infinite number of 
n 


non-negative eigenvalues with the associated eigenfunctions. We denote the 
eigenvalues and eigenfunctions by A, and w,(x) respectively' and assume that 
the eigenvalues are arranged according to non-decreasing order of magnitude 
and that the eigenfunctions form a complete normal orthogonal set. We 
observe, that in the case of the second boundary value problem viz. II, Ay» = 0 


l 
is a simple eigenvalue with the eigenfunction w(x) = Vy’ where V is the 


volume of D, while in I, all the eigenvalues are positive. So it will be con- 
venient toassume that the suffix m runs through 1, 2,3, ... incase I and through 
0,1, 2,... in case II and that A,> 0. 

With the above notations we have the following 


THEOREM. The series >) wn(x)wna(y)/An*, Ss = o + ir, which has a finite 
n=1 


abscissa of absolute convergence, represents an entire function of s, if x and y are 
distinct points in D, with the so-called “trivial zeros”’ ats =0, —1, —2,... in case 
land ats = —1, —2, —3,... in case Il. 


@o 
On the other hand the series >> w,7(x)/dn* which also has a finite abscissa of 
n=1 


convergence, represents a meromorphic function of s with a simple pole at s = */, 
and residue 1/T(k/2)(2+/x)* and with the so-called “trivial zeros’ ats = 0, —1, 
—2,... incase landats = —1, —2, —3,... in case Il. 


§ 3. The proof of the theorem depends on a lemma on the Green’s function 
for the heat equation 
Be) ou 


(5) 4u-7 = 0 


which we state below. Let G(x, y; ¢) denote the Green’s function for the heat 


‘Each eigenvalue being repeated according to its multiplicity and the eigenfunctions being 
real. 














322 S. MINAKSHISUNDARAM 


equation (5) associated with either of the boundary conditions? I, II and further 
satisfying the initial condition 


lim G(x, y;t) = 0, x,yin D, x # y. 
t=0 
It is known that G(x, y; ¢) can be expressed in the form 
1 2(xi— 2) 
(6) G(x, y; t) (vane oP x g(x, y; t) 
1 L(x:- yi)? “s ° . 
where ———— exp | — ————_} is the fundamental solution of (5). We 
(2./xt)* 4t 


have then the following 
Lemma. If 1, denotes the minimum distance between y and points on B, then, 
in any finite interval of t, 


c 2 
(7) \g(x, y; t)| < its en ta’/ at 


for all x in D, where c is a constant independent of x and t. 
Assuming the lemma for the present we shall prove the theorem. We first 
observe that 
G(x, 95 t) = L wn(x)wn(ye*** 
the summation on the right running from 1 to © or 0 to © according as the 
first or the second boundary condition is under consideration. So we can 


write the above equation in a more convenient form, viz.: 
@ 


Apt r) 
(8) ; Wn(x)wn(y)e~"* = G(x, y; t) _ y 


n=l 
where 6 = 0 or 1 according as I or II boundary problem is taken into consider- 
ation. Multiplying both sides of (8) by ¢*~' and integrating with respect to 
t from 0 to ~, we note that if R(s) is sufficiently large the left side gives 
(9) I(s) @n(x)wn(y)/An* 


the series being absolutely convergent. We now have to evaluate 


| (Ge. y;t) - 5) t*—"dt 


0 
1 o @ 
= | (Gex0 - 2) pa + | EX walx)wn(ye™ tt 

0 1 wah 

1 é o @w 
(10) = [ G(x, y; t) t* "dt — = + X wn(x)eon(y)e n'est 
7 ov n= 
0 1 


1 fe) 
=—- = + | G(x, y; t) dt + Lex(e)ent) | e~*nty*—I1 44 
1 


if R(s) > 0. . 


*Though the Green’s functions are different in the two boundary problems we use the same 
notation G(x, y; t) and there need be no confusion. 

’The iterated Green's function of Au will belong to L: for a sufficiently high order of iteration, 
from which it will follow that 2w,*(x)/A,” is convergent if o is large and Lwp(x)wn(y)/An? will 
be absolutely convergent for large oc. 


\ 


1, 


Il 
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The last integral on the right of (10) is easily seen to be an entire function 
of s, while the second is 


k 
11 . ” sonMant 2, ad d : - £)t*— 1d 
(11) aan | t exp aces me aad | g(x, y; bt A 


0 0 


The first integral in (11) is an entire function of s, if x # y and the second is 
also an entire function of s on account of the lemma since ],# 0 as long as y 
is an interior point. So combining (9) and (10) we note that 





7 wn(X)wn(y) 6 = E(s) 
(12) 2, An’ a lis+1)  YF(s) 


where E(s) denotes an entire function of s. (12) proves everything stated in 
the theorem about the series on the left. Incidentally it shows that while the 
analytic continuation of the Dirichlet’s series vanishes at s = 0 in case I, it 


a ' : 1 
does not vanish in case II; in fact it takes the value — 7 


If the two points x and y coincide, we have only to put x = y in (9), (10), 
and (11) and observe that if R(s) is large enough 





2 oa as ae : 
P(s) 2 tn (x)/An sV + (2V/n)* s—k/2 
1 @ @o 
ae = fete: et — Festa) |” reerae 
0 oe ; 


While the last integral is easily seen to be an entire function of s, the last 
but one can be seen to be an entire function of s by the lemma as long as <x is 
an interior point. Hence we have 


4 wn?(x) 1 P 1 _ 6 E(s) 
(14) > Aa* (2./r)* I'(s)(s — k/2) VI(s + 1) I (s) 


which proves everything about 2 w,?(x)/A,,* stated in the theorem.‘ 





REMARKS: 1. It may be of interest to remark that by applying Ikehara’s 
Tauberian theorem to (14) we obtain the following asymptotic distribution 
of eigenfunctions: 

1 
15 w(x) ~ —— T*/2, 
™ wer) ~ Bay Tt 1) 
a result which can also be proved by applying Hardy-Littlewood’s Tauberian 
theorem on Dirichlet’s series to (8) with x = y (see (2) in [5)). 





‘This series for the two dimensional domain was first studied by T. Carleman [1]. 
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2. Another point of interest® is to study the nature of the series = 1/),’. 
If R(s) is large and positive 


r(s) 4 1d! 


1 
| dx | Deon? (x) "td 
D 0 

1 i> =) 
| ax | -b | dx | ‘ 
D 0 D 1 


As usual the second integral on the right of (16) is an entire function while 
the first is 


(16) 


S. ak, | wf cede 
—_=<« ° = x x, X; 
s (Qvn)* | s—*/, wait ‘ton 


D 0 





and by the lemma 


d f . 8-1 = : o—k/o—1 —1,"/4t 
x ] g(x,x;t)t*dt| < ¢ diz | t e dt 
0 0 


D 0 


© 1 
<c ewan | vo’ —*/2-4dy 
0 0 

on using the transformation J.’/4t= u; t = v. The above integral on the 

extreme right is finite if ¢ > */2 — 4, so that the first integral on the right 

of (16) is regular for ¢ > */. —4. Thus 
2 1 5 V i F(s) 

OD 27 ~T64+n + @vm TOG- > tT 

where F(s) is regular for R(s)>*/2— 4. Again by an application of 

Ikehara’s Tauberian theorem to (17) we have the following well-known 

asymptotic distribution of eigenvalues: If N(T) is the number of eigen- 

values < T, 














V 
N(T) ~ ———_—~ T™. 
(2/7)*T(*/2+ 1) 

§4. Now it remains to prove the lemma. For this purpose we introduce 
slightly different notations. We denote by capital letters P, Q... points 
interior to D and by small letters p, g, .. . points on its boundary B. If P = 
(x1,..., Xe), 0 =(y1,.--,» Ye) we write 

k 
rp?’ = vu (x;— yi)’, 
1 rpg” ( rpo’ ) 
h rs ; aD 7 = 7 , ae 
PO) = Cray C-PN” Me —a) 


COS fpgM%p= Cos rn= cosine of the angle between the radius vector rp, and the 
normal m, at r. According to these notations 
G(x, y; t)= G(P, Q; t)= ho, x/2(P, 9; Q, )— g(P, Q; 2). 


‘The author is indebted to Professor H. Weyl for this remark. 


srs = 


we 
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As a function of (Q, #), g(P, Q; t) is a solution of the heat equation tending 
to zero as t — 0, and takes the same boundary values as ho, ,, on B for all ¢ in 
case I, while in the case II its normal derivative has the same value as the 
normal derivative of ho, x;, on B. 


We shall first prove the lemma in the case of the II boundary value problem. 
In this case we can set 


t 
(18) e(P, 0:1) | |" hor nalbs 5, Q, DWP, s)dpads 
B“O 
where ¥(p, s) is an unknown function to be determined. It is clear our lemma 
will follow if we can show that a function ¥(p, s) which is bounded in every 
finite interval 0 < s < T, uniformly on B can be determined to satisfy (18). 
To show this we note that ¥(p, s) is a solution of the following integral equation: 


t 
(19) ¥(q,t) + | | hy, k/o+i(P, 5, Gg, t) cos rnp(p, s)dpds 


BO 


a 
= = g(P, gq, t) = hi, kyo4i(P, 0, 9, 4) = $(g, 2), 


say. Then ¥(q, t) can be determined as a Neumann's series: 
¥(q, t) _ oo(q, t)— o1(q, t)+ $2(q, t)- ees 


t 
¢i(g,t) = | | hy, &/o+1(P, 5; g, t) cos rngi_i(p, s)dpds. 
BO 
If |o(q, t)| < M, as is certainly the case in 0 < ¢ < T, one proves by 
induction 
i,t/2 
(21) ede < = ——, 
P(*/2+ 1) 
where N is a constant independent of ¢ and i, which can be determined.’ This 
shows that if ¢(q, ¢) is bounded in any finite interval 0< ¢ < T, so is ¥(q, ¢). 
Hence the lemma. 
Corresponding argument can be made use of in the case of the first boundary 
value problem. 
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SUPPLEMENTARY NOTE BY HERMANN WEYL 


At Minakshisundaram’s request I add another proof of his fundamental 
lemma. This alternative proof is restricted to the boundary value problem I, 
but for this case yields a more complete result. Take for y a fixed interior 
point yo and set /,,= 1. The maximum of the main part of Green’s function 
along the boundary is 

(4xt)—*? exp (— P/4t) = j(), 


and this function 7(¢) is on the increase as long as t moves from 0 to T)>= P/2k. 


oo 1 ce 
Instead of splitting the integrals | into | + | , as Minakshisundaram 
0 


To © 
does, one splits into | + . I maintain that in the first part, ie. for 
0 Te 
0 <t< T», the compensating function u(x;t) = g(x, yo; ¢) satifies the in- 
equality 
0 < u(x; t) < j(d). 

Proof. (1) For any tin this interval let m(t) and M(t) denote minimum and 
maximum of u(x; 1?) as a function of x. Suppose that, contrary to the state- 
ment, m(é,) is negative for a certain ¢; between 0 and 7», and that u(x; t:) = 
m(t,). Since the boundary values of u(x; t,) are positive, x; must be an interior 
point, and one must have Au 2 0 for x = x;, t = t;. Hence the equation 


mt = Au shows that a = 0 for the same values. Choose a positive constant 
a and form 
it ou - ov 
v=o". u, ——au=e*.—; 
ot ot 


ov 
one then sees that = > Oforx = x,t = %t,. Hence v(x; t) actually decreases 
t 


during a short time, t;> ¢ = #’;, while ¢ decreases starting with the value 4). 
Set e~**. m(t) = m*(t). As m*(t)< v(x1; t) we have a fortiori m*(t)< m*(t,) in 
that interval. Thus m*(¢t) goes down and continues to be negative while ¢ 
decreases. That makes it possible to repeat the argument and to conclude 
that in the whole interval t;> ¢ > 0 the function m*(t) decreases along with ¢ 
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and thus stays less than or equal to m*(t,). But this is a contradiction, since 
v(x; t)— 0 fort > 0. 

(2) Suppose that, contrary to the proposition, M(t:)> j(t:) for a definite 
value ¢, in the interval 6 < t;< T>. Then the maximum M(t;) is taken on at 


. . . 7] 
an interior point x = x’;. We have Au < 0 and hence = < Oforx = x’, 
t 


* 
t = t;, and thus ~ < 0 for the same values and u*(x; t)= u(x; t) — j(t). As 
M(t)]> u(x’; t), the “span” M*(t)= M(t) — j(t) thus increases during a short 
time while ¢ decreases from #; downward. It therefore stays positive, and 
repetition of the argument shows that the span is increasing with decreasing ¢ 
during the whole time #;2 ¢ > 0, a result that contradicts the limit equations 
u(x; t) +0, 7(t) ~0 for t— 0. 
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APPLICATIONS OF COMBINATORIAL FORMULAE TO 
GENERALIZATIONS OF WILSON’S THEOREM 


N. S. MENDELSOHN 


Summary. By the use of finite difference operators a series of combinatorial 
formulae are obtained. Two applications of the formulae are given. First, 
the following explicit formulae for the number, f(m), of non-isomorphic equi- 
valence relations among m elements are obtained: 


a — y Ss 


k=1 j=0 k=1 j=0 


me i) @— (3 - ‘) art _t +) 
Sn) n! (4) +e=¥ 0! 1! T G2)! 0! ii? 2 wane 


Second, by applying Fermat’s theorem (i.e. x?-'= 1 mod p for each prime , 
which is prime to x) to the combinatorial formulae, we obtain a series of con- 
gruences which in a sense are generalizations of Wilson’s theorem. The most 
general formula of this type is the following. Let and & be arbitrary positive 
integers such that k > +1. There exists a positive integer N(n, k) and a 
rational number R(n, k), uniquely determined, such that 


[ din [* dent gg __.— \" de [" f( = =)?"*— ae 


0 Xn J0 Xn-1 0 Xn-2 0 X2 0 *1 


f(n) 





= R(n, k) mod p 


for all primes p2 N(n, k). The number max (n, 2k—2n—3) may be taken for 
N(n, k). The proof of the theorem contains a method of computing R(n, k). 
Such computations are not laborious for small m and k. As examples of such 
computations we quote the following formulae: 


1 a —2_ 
| {ans dx = — 1 mod , for all primes p 2 3 
0 


x 


ie 
ot Jo x 
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Ill 


— 4 mod , for all primes p 2 5 





328 


GENERALIZATIONS OF WILSON’S THEOREM 329 


The author has also computed expuicit formulae for some very general classes 
of cases of the main formulae. For example, if we denote 


| dx, Re dx 5-1 \" dx. I" §(l — x:)?-*— 1) 
— — 5 6 6 — oa | dx, 
0%, J0 Xe-1 o x2 Jo | X14 


by J, (s, t) we have the following: 











Ip (s,s +1)= — = mod » for all primes p > s; 

I, (s,s +2)= — ate mod for all primes > 3: 

I, (s,8 +8)m — Et — 8) mod p for all p > max (s, 3); 
I, (,s+4)a - & a 3) mod p for all p > max (s, 5). 


The details of the computations are not given in the main body of the paper, 
but the method used differs in no way from that explained in the paper. 


General Remarks. A number of papers have already appeared which deal 
with the use of finite difference operators for symbolic solutions of combina- 
atorial problems. We content ourselves with three references [2], [3], and [4] 
in the bibliography. The operators we will use here are the standard operators 
E and A, defined as Eu, = tp4; and Au, = Unii— Un, With the obvious relation 
E=1+A. 

Consider a set of “triangular” equations connecting uo, %,..., %, with 
Vo, 11,..., Un by means of 

Vo= Cootlo 
V1= Cielo C11 My 
Ve= Coolo+ Coiit Coote 


vn>= Cnolot Cnilit Cnguet eee + Cnantn. 


If Cooci. . . Can 0, the equations can be solved for uo, u,..., %, in terms 
of vo, %1,...,%,inaunique way. Suppose the solved form of these equations is 
Up= doo 


Uy= dyWot dyy0 


un= dnwot dniit see + danUn. 
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It is immediately obvious how the d;; may be obtained from the c,; and con- 
versely. However, we are interested in relating the d;; to the ¢;; by a symbolic 
equation. To this end we write both sets of equations as follows: 

(1) v,= P,(E)uo, for n = 0, 1, 2,3,... 

(2) ttn= Q,(E)v0, for # = 0, 1, 2,3,... 

where P,(E) = Cnot Cai + Cael? + eee ~ Conk” and Q,(E) = dnot dik + 
dn2k*?+ ...+ dnnE*. To obtain the symbolic equation connecting dao, dai, 
.. +» Gan With cj; we start with (2), uw,.= Q,(E)v0; hence 

(3) E*ug= dawot dnitit dnovet ...+ dann 

and using (1) this becomes E"wo= {daot+ daiP1(E)+ dazP2(E) +... + dan 
P,(E)} uo. Hence E"*= Q,(P) symbolically, where it is understood that in 
computing the right-hand side P* is to be replaced by P;(Z). In the same way 
E*= P,(Q) where Q' is to be replaced by Q;(E). Hence, the relations 
connecting the d;; with the c;; are compactly expressed by the symbolic equation 
(4) P,(Q)= E*= Q,(P). 

The use of this general symbolic equation for the solution of combinatorial 
problems will be the subject of a subsequent paper. Here we will be concerned 


only with one particular case. Examples of pairs of polynomials P,(E) and 
Q,(E) which satisfy (4) are: 


(c) P,(E) = + E°-1A, and P(E) = ~ ; Q(B) = cot E+... + Cok": 
Cn Co 


(6) P,(E)=(kE +1)"; Qn(E) = = (E — 1): 


(c) P,(E)=(1 + E)*; Qn(E) = A* (this is case (b) with k = r = 1); 
(d) P,(E)= E*— c,E"*; Qn(E) = E*+ CnE" + CnCnrE*™ *+ ... 
+ CnCn—1Cn—2- - - C1. 
The equation to be used from here on is (c). More explicitly (c) is written 
as follows 
iffv,= (E + 1)" 


then u,= Av. 


Applications. We consider first the following subsidiary problem. In how 
many ways can we place n distinguishable objects in m distinguishable boxes 
so that each box contains one object at least, the arrangement of the objects 
in the boxes being irrelevant. Let uw», be the required number. The number 
of ways of placing the objects in the boxes without restriction is m". This 
can be broken up into the following exclusive cases: (1) no box is empty, 





1This equation was pointed out to me by I. Kaplansky in 1938 and indirectly, in non-symbolic 
form, by Dean S. Beatty in 1935. It is implied by some of Poincaré’s work. It first appeared 
explicitly (in non-symbolic form) in [1] which was published in 1938. 


(2) 
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(2) one box is empty, (3) two boxes are empty, ..., (m+ 1) all boxes are 
empty (vacuous). Hence, 


(5) m”" = Unnat (7) Un—i.at (3) Um—2,n +...+ (") Uon. 


Symbolically, this is written m"=(1 + E)"uon. Hence, using (c) we obtain 
(6) Umn= A" 0" =(E — 1)" 0". 
Explicitly, this becomes 


We now apply (6) and (7) to the following problem. 

How many non-isomorphic equivalence relationships do there exist among n 
objects? In combinatorial terms, this requires the determination of the 
number of ways of placing m distinct objects into any number of boxes, where 
we do not distinguish the boxes. If f(m) be the required number, then obviously 


form Ste + Ee 


i=1 i=1 





Hence we have 


s k ai nk _ 
(s) sm)= YY (- (=~ = LEC or 


k=1 j=0 k=1 j=0 


On inverting the order of summation, we obtain 


n™ (1 (n—1)"/1 1 (n —2)"/1 1 1 
©) pny= (4) + C=O (5 - + SE G-atat 


For a second application it is necessary to obtain alternative expressions for 
Um.n- To this end we first note that up»,= 0 if n<m. If m =n, then 
Umn= m! Applying this to (7) we obtain the well-known formula 


(10) m! = m™— (7) (m — 1)"+ (3) (m — 2)™+4...4(— 1)"" x sed 1): 


If n = m + 1, to evaluate uw», we note that the distribution of objects into 
boxes is such that two of the objects appear in one of the boxes, the remaining 
boxes each containing one object. The two objects to appear in one box may 


be chosen in « : ') ways, and hence the number of ways of distributing 
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the objects is " 4 ') m\| = = (m+ 1)! Applying this to equation (7) we 


obtain 


(11) = (m + 1)! _ m™ti — e (m ro 1)™*1 + (7) (m ae 2)"I+, ae 


— m 
rene(,™,). 


In case nm = m + 2 we can easily show that um, m+2 is given by 
_(m+2\..,lf(m+2\(m\_. , § m(3m + 1)\ 
Um, m+2= ( 3 ) mi +3 ( 9 )(Z) mt = om +2)! ‘oa nb 


(This comes from considering that the distribution is such that either two of 
the boxes each contain two objects, the remaining boxes containing one object, 
or one box contains three objects, the remaining boxes each containing one 
object.) Applying the above formula to equation (7) we obtain 


(12) {=Oe +0) (m + 2)! =n mt? — (") (m in 1)™*2 + (7) (m a Q)™t2 


24 
— m 
+t ne(,,). 


In general, we wish to establish the following formula 


(13) (m + k)! P.(m) = m™**— (7) (m — 1)™t* + (7) (m — 2)™te4. 


+(-1)"" (,, 9 J 


where P,(m) is a polynomial in m of degree k with rational coefficients, for each 
integer k. We already have shown that 


Pim)= 1, Pilen)= + ms and Pim) o SOUT D | 
2 24 
Formula (13) is equivalent to the statement that 
tm, m+k = (m + k)! P,(m). 


To establish this statement we first note that u»,, satisfies the following 
recurrence: 


(14) umn = MUm,n—1+ MUm—1, n—1- 


Equation (14) for » > m + 2 follows from the fact that the distribution of the 





_—_—T SCC —_ 





—_——- 
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objects into the boxes may be carried out as follows: One of the objects may 
be placed in any one of the boxes (there are m ways of doing this) and the 
remaining (m — 1) objects may be distributed either amongst all the m boxes 
so that each box gets at least one object (there are um, ,-1 ways of doing this) 
or they may be distributed amongst the (m — 1) boxes not occupied by the 
first object in such a way that each of these (m — 1) boxes gets at least one 
object (there are u%»~1,»-1 ways of doing this). Hence equation (14) follows. 
If in (14) we replace n by m + k and then put um, mi.=(m + k)! P,(m), we 
obtain 
(15) (m + k)P,(m) = m { P,1(m)+ P.(m — 1)}. 





Equation (15) with the initial conditions P,;(m) = : , P,(1) = is suffi- 


(k +1)! 

cient to determine P,(m) for all positive integers k, and for all positive integers 
m. We proceed to show that P;(m) is a polynomial in m of degree k with 
rational coefficients. We will also show that the denominators of these co- 
efficients (when expressed in their lowest terms) contain no prime factors 
greater than 2k — 1 except for k = 1. The proof is by induction on k. 


Since P(m) == , P2(m) = a the theorem is true for k = 1, 
k =2. Assume that Py_;(m) = Co,p--1+ C1, p-1m +. . . + Ce-1,n-1m*" where 
each of the c;,,-:(¢ = 0, 1, 2,..., & — 1) is a rational number which when 


expressed in its lowest terms has a denominator no prime factor of which 
exceeds 2k — 3. Now put Py(m) = cop+c., m + Cy m® +. ..+ c,m* (assum- 
ing that such a form exists). Substituting into (15) we obtain the equation 


k k—-1 k 
(m +k) & cxm'=m[ Xu Ci,p—1m'+ D> cix(m — 1)'). 
i=0 te i= 


In this equation the terms in m**! on both sides of the equation have identical 
coefficients. On equating coefficients of m* we obtain 2kcey,= cy-1,,-1. This 


‘ ee 4 
together with c= - yields cy, = Now let us assume that c,_,,, has 


2*k! 
been obtained for r = 0, 1, 2,...s. Taking the coefficient of m*~* on each 
side we obtain 


k—s-—1 
Ch—o—2,k TH RCp—s—1,k = Ch—e—2,k-1 F oe ( ) Ce—e-1,k 


ke ae k ; 
( 2°) creat: ..+(-1)*" *( 3, om 4 Hence we obtain 


(2k—s—1)¢x—s-1,4= cnet it} Ss" Jenna ( woe ) Chm—a+1,k 


Sa e +(-per(, Feu t ° 
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Since all the terms on the right have already been computed this yields c,_,-1, x. 
It is obvious that the denominator of cy,_,-1,; has no prime factor greater than 
2k — 1. This equation fails to yield the last coefficient co, but it is easily seen 


that co.= 0 for k = 1, 2,3,.... If we now put m = 1 in (15) and use the 

fact that P,(0)= 0 (since co, = 0) we obtain (1 + k)P,(1)= P,-1(1). From 

this it follows, since P,(1)= . , that P,(1)= he to . Hence, the initial 
2 (k +1)! 


conditions are satisfied. It is now obvious that if the polynomials P,(m) 
which have been determined by the above computation are substituted in 
equation (15), the equation is identically satisfied. Finally, since our initial 
conditions uniquely determine P;(m), the solution just found is the only pos- 
sible one. 

By specializing m in equation (13) and applying Fermat’s theorem (a?"'= 1 
mod >, if (a, )= 1 and p is prime) we can get the most general formula we 
are looking for. However, it will be instructive to start with the more par- 
ticular formulae (10), (11), (12) to obtain completely explicit solutions for the 
first few cases. 

If in (10) we put m = p — 1 where is a prime we obtain 

@- 1 =@- ne — (PT) @-24...4(-0 (279), 


Taking congruences mod / and applying Fermat’s theorem we obtain 


omer (?5")4(P32)4--4e-0r($22) 


= (1 — 1)?""— 1 = — 1 mod 9. 


This is, of course, Wilson’s theorem, and the method of using formula (10) is 
well known, but the standard methods of obtaining formula (10) are different 
from the method employed here and do not generalize to formula (13). We 
prefer to write Wilson’s theorem as follows: 


(- 
(16) (p —r — 1)! = ~——— mod p, (r = 0,1,2,... p — 2). 
r! 
If now in (10) we put m = p — 2 where # is an odd prime we obtain 


(p — 2)! =(p — 2)7-*— (? ‘ *) (p — 3)?*+4 (? . . (p - 4) 


p—-2 
+..+ (873). 


Again applying Fermat’s theorem to the right side of this equation and formula 
(16) to the left we obtain 


oe obs 1 ge 1 al 
l= _ heneainen —— +... od p. 
p-2 ( 1 ae 2 p—4 + o-3)" P 


~~ VW ~~ ~~ 


Oo tm @ 
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The right-hand side of this congruence is precisely 


1 2 _ 1 = #)9"3 a. 
a | {" — *)”" t\ ae. Hence, | ju *) ae = —1 mod p 


0 x 0 x 








for all odd primes ». In the same way if we replace m by p — 3 in (10) we 
obtain 


1 t = _ 
| 4 | i =” i dx = — = mod p for all primes p > 5. 


o t Jo x 





A few other particular cases have been worked out. For example, formula 
(11) with m = p — 3 yields 


S fen ~ 88 
| te x)? = dx = — 5 mod p for all primes p > 3. 
0 4 


x 





1 — — 4 — 
Again formula (12) with m = p — 4 yields | ‘a = i dx = — Lt 
0 x ) 


mod p for all primes p > 5. If in (13) we put m = p — k — 2 and then 
k = r — 2 we obtain in the same way the more general formula 





(17) (— 1)?""P,-.(— 7) = I. i — a = dx mod p. 


The left side of this formula is a rational number, which when expressed in its 
lowest terms, has a denominator with no prime factor greater than 2rj- 5. 
Hence formula (17) is valid at least for all primes » which are greater than 
2r — 5. (The case k = 1, corresponding to r = 3, is an exception.) 

We now come to the most general case. In (13) putm = p—k—r, obtaining 


p—k—-r 
1 


_— p-—k-—-r 
+(—1)” ,  Fc-wseatt * 


(18) (1)! Pxlp—k—1) = (p—2—-1)?*— ( ) @-b-r-y+ eee 


Taking congruences mod » and using (16) and Fermat’s theorem we obtain 








os a a 1 = ar aa 1 
(19) (r oe pi? k r)= (p—k—r)™ 1 (p—k—r—1)™ 
p-k-Tr—1 p—k—-r 
+...4(-— 1)?" Lat 


The right side of this congruence is equal to 


(aarti dee [Pde far g,, 


0 Xr—1 0 Xe 0 x1 
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Hence, 
(— 1)’ 
o-yr e~9 
1 x3 x3 —a —k—r __ 
= (—1)7*”" | =e... | a | ‘i *)” Na mod p. 
0 Xs 0 x2 Jo X14 ) 
If we put r — 1 = s and (k + r) = ¢ in this equation we obtain 
— 1)" 
(20) COE Piva # 





1 x3 - a ( die —t 
m fi Se... [Pe [ae he, oa 
0 Xs 0 Xe 0 \ x1 ) 


If we write this in the form 


(21) * dx, = (* §(1 — x)?-* - 


~0 ( Xi 





= dx,= R(s,) mod p 


JO Xs 
we have 
(— — : 


s! 


R(s, t) = Pen a i(— ¢). 





This equation is valid for every odd prime p greater than the maximum of s 
and 2 — 2s — 3. This condition is put on to ensure that R(s, ¢) will not have 
denominators divisible by p. It is also necessary to have ¢ > s + 1 for our 
expression for R(s, t) to be meaningful. 

Our final result may be stated as follows. Let s and ¢ be two positive 
integers such that > s +1. There exists a rational number R(s, ¢) such that 
(21) is valid for all primes p > max (s, 24 — 2s — 3). Also the humber R(s, ¢) 
is uniquely determined, since, if 7(s, ¢) were another number for which equa- 
tion (21) is valid for all primes > some number fo, then R(s, t)= T(s, t) 
© and T(s, t) = 
b 
— , we have ad = bc mod #, for all primes p > max (fi, bd). Hence ad = be 


mod p for all primes p > some integer p;. Putting R(s, t)= 


or R(s, t)= T(s, t). 
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AXIOMATIC TREATMENT OF RANK IN INFINITE SETS 
R. RADO 


1. Summary. In many branches of mathematics the notion of rank plays 
an important part. H. Whitney [3] made a detailed axiomatic investigation 
of rank and several related ideas. All sets considered by Whitney are finite. 
In the present note the axiomatic treatment of rank is extended to sets of any 
cardinal. In the special case of algebraic dependence of elements of a field 
with respect to a sub-field, similar questions have already been considered by 
Steinitz [2]. 

Following Whitney, we investigate rank by means of a function r(A) which 
associates a non-negative integer with every finite subset A of a given set M 
and which satisfies axioms (4)-(6) below. These axioms state that (i) the 
empty set is of rank zero, (ii) by adding one more element to A the rank is 
either unaltered or increased by 1, (iii) if neither the addition of the element x 
nor the addition of the element y increases the rank of A then the simultaneous 
addition of both, x and y, does not increase the rank of A. A subset L of M 
is called independent, if the rank r(A) of every finite subset A of L is equal to 
the number of elements of A. A base of L is a maximal independent subset of 
L, i.e. an independent subset of L which is not a proper subset of another inde- 
pendent subset of Z. It is easy to prove that every subset L of M possesses 
at least one base, more generally, that every independent subset of L is con- 
tained in some base of L. The main result of this note is that all bases of L 
have the same cardinal. Thus it is possible to define the rank r(L) of any 
subset L of M as the common cardinal of all bases of LZ or, which is equivalent, 
as the largest cardinal of independent subsets of L. 

Lemma | is a general combinatorial theorem which is capable of various 
applications. Lemma 2 generalizes an earlier theorem! on axiomatically de- 
fined independence of elements of a set. 


2. A combinatorial lemma. We require a lemma which, in a certain sense, 
can be considered as a generalization of Cantor’s diagonal process. Let there 
be given a system of finite, non-empty sets A,, where the index v ranges over 
an arbitrary set, the index set. Corresponding to every finite set N = |», v2, 

ie Vt of indices, select arbitrarily one element from each of the sets A,, 
A,,,..+,Av,- This means that the element selected, say, from A,, depends 
not only on »; but also on the particular index set N of which »; is a member. 
The assertion is that, under these circumstances, it is possible to make one 


Received September 1, 1948. 
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further selection of elements, this time of one element x*, from each A,, so that 
the following condition holds. However one chooses a finite index set NV, there 
exists a finite index set N’ containing N, such that, for every index »v of N, the 
element selected from A, in the given selection corresponding to the index set 
N’, is x*,. 

Let M be an arbitrary set. Typical elements of M are denoted by the letters 
x and y, and typical finite subsets of M are denoted by A and B. Let M, be 
another set. Letters y and N denote typical elements and finite subsets of M, 
respectively. 

LemMaA 1. Let A,C M(veM;). Suppose that the elements x(N, v) satisfy 

x(N, v)eA, (veN C Mj). 
Then there are elements x*, such that, given any N, there exists N’ satisfying 
NCH’, 
x*,= x(N’,v) (veN). 

Proof. Wesay that a system of sets B,(veM,) has the property R (possesses 

representatives) if, given any N, there exists N’ satisfying N C N’, 

x(N’, v)eB, (vel). 
By hypothesis, the system A, possesses the property R, in fact, with N’ = N. 
The assertion of the lemma is that there are elements x*, such that the system 
{x*,} has the property R. 

We may assume that? M@M,= 6. Let Mand M, be well-ordered.* The order 
relation is denoted by ‘“‘<”’. Let > be the first element of M,. Since x(}v}, »)eA,, 
we have A,~ 6. We shall define elements x, inductively. Let »oeM,, and 
suppose that x, has already been defined for all y < vo, and that x,eA,(v < vy). 
This includes the case v»»= 7, when no assumption is made about the existence 
of elements x,. Consider the following systems of sets: 


Sf {x} (v < vo) 


system S(v9): B, (vo) = be od 
( { Xy } (v < v9) 
system S’(vo, x): B’ (vo, x) = { x | (v = wm) 


| 4, (v > vo). 

Case 1. Suppose that S(vo) does not possess the property R. Then define 
to be the first element of A,,. 

Case 2. Suppose that S(vo) possesses the property R. Then x,, is defined 
as the first element x of A,, which satisfies the condition that S’(vo, x) possesses 


x 


"oe 


the property R. It must now be shown that there exists such an element x. 
Let us therefore assume that for no x of A,, the system S’(vo, x) has the prop- 


|X, Y,... } denotes the set whose elements are X, Y,.... S + T and ST are the union 
and meet of sets S and T respectively, and S — ST is the set of elements of S not belonging 
to T. The empty set is denoted by 9, and the cardinal of S is |S] . 

*The well-ordering of M can be dispensed with. 
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erty R. Then, given any xeA,,, there is N(x) satisfying the following con- 
dition. For no N’ containing N(x) is 


(1) x(N’, v)eB’,(vo, x) (veN(x)). 
Put N*= > N(x). 
xeA 


Then N* is finite. Since S(vo) has the property R, there exists N’ satisfying 
N*cC N’, 
(2) x(N’, v)eB,(v0) (veN*). 
Let xeA,. Then N(x)C N*C N’. Hence, by the assumption which we 
want to prove false, (1) does not hold. By (2), 
(3) x(N’, v)e B, (v0) (vy e N(x)). 
By comparing (1) and (3), one concludes that, for some »v « N(x), 

B’ (vo, x) ¥ B,(vo). 
Therefore voe N(x)C N* (xe A,,). 
Put x(N’, vo) = x’. Then 

x’e A,,; x(N’, ve B’,(v0, x’) (ve N(x’)), 
in contradiction to the assumption that (1) is false for every x of A,.. Hence 
this assumption is false, and it is possible to define an element x,, in the way 
indicated. Thus, by transfinite construction, one obtains elements x, A, 
which satisfy the following condition C: if, for some vo, the system S(vo) has 
the property R, then the system S’(vo, x,,) has the property R. 
Put S’(vo, x,,) = S*(v0), 

B’ (vo, X,,) B*,(v0). 
By the hypothesis of the lemma, S(#) has the property R. Hence, by con- 
dition C, S*(¥) has the property R. Let »o> %, and assume that, for every 
¥i< vo, S*(v;) has the property R. Consider any set N. Since N is finite, 
there is an element »;< yo satisfying 


yvsn (ve N; v < v9). 
Since S*(v;) has the property R, there exists N’ satisfying 
NCW’; x(N’, vie B*(v1) (ve N). 
Then x(N’, ve B*, (v1) C B,(v0) (ve N). 
Since N is arbitrary, this shows that S{vo) has the property R. Hence, by 
condition C, S*(»)) has the property R. Thus it follows by induction that 
every system S*(v) has the property R. 
Let N # 6. Let y’ be the last element of N. Since S*(»’) has the property 
R, there exists N’ such that 
NC WN’; x(N’, v)e B*,(r’) = {x,} (ve N), 
x,= x(N’,v) (ve N). 


Hence the assertion of the lemma is true for x*,= x,. 
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I should like to point out that the lemma is no longer valid if in both, 
hypothesis and conclusion, the condition that A and WN are finite sets, is re- 
placed by the condition that A and N are at most denumerable sets. For let 
M be the set of all positive integers and M, be a non-denumerable set, A, = M 
(ve M;). If N is at most denumerable, say‘ N = {»1, v2,... }., define 
x(N, v), for ve N, by putting x(N, »,) = A (xe N). Then the modified hypo- 
thesis holds, but the modified conclusion of the lemma does not hold. 


3. Alemma on rank functions. We use the notation of sec. 2. In addition, 
we denote by L any subset of M. By definition, a rank function in M is a 
function r which associates with every A an integer r(A) and satisfies the 
following axioms’: 


(4) r(0) = 0, 
(5) r(A)< r(A + {x})< r(A)+ 1, 
if r(A)=r(A + {x})=7(A + {y}), 
(6) 
then r(A)= r(A + }{x, y}). 


Put f(L)= 1, if r(A)= |A| (A C L), and f(L)= 0 otherwise. In particular, 
f(@)= 1. The equation f(L)= 1 expresses the fact that the set L is inde- 
pendent, in the sense of this term as defined in the summary of this note. 

Let A, be a system of finite subsets of M which has the property that, given 
any finite number k of distinct indices v,, the union of the corresponding k sets 
A,, is at least of rank k. Then Lemma 2 below states that it is possible to 
select one element from each A, in such a way that the selected elements are 
mutually distinct and the set of all selected elements is independent. 

LEMMA 2. Let r(A) be a rank function in M. Let 


A,C M (veM,)). 


Suppose that 

(7) (X A.) 2 IN| (VC M)). 
Then there are elements x*, ¢ A, satisfying 

(8) x*, A x*, (vi~ v2), 

(9) AE ix*,}) = 1. 


Clearly, (7) is necessary for the existence of such x*,. 

Proof. Whitney*® has shown that the definition of a rank function r in M 
satisfying (4), (5) and (6) is equivalent to a classification of all finite subsets 
of M into dependent and independent sets, this classification satisfying certain 
axioms.’ Given the definition of rank, Whitney’s definition of independence 
is identical with the definition given in the present note. Actually in Whitney’s 





‘The symbol {X, Y,... },« denotes the set {X, Y,... } and, at the same time, expresses 
the fact that the objects X, Y,... are different from each other. 

5(3], 510, (Ri) —(Rs). 

§{3], 6. 
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case, M is finite, but in this particular instance no use is made of this fact. 
In view of Whitney’s result, the case of Lemma 2 in which M, is finite is 
contained in a known theorem.* Now let M, be of any cardinal. Then, by 
applying this last result to a finite subset N of M,, one can find elements 
x(N, v) satisfying 

x(N, ve A, (ve N C Mj), 
(10) r(X {x(N, »)}) = |N| (NC Mi). 


By Lemma 1, there are elements x*, satisfying 
x*,= x(N’,v) (veN CM), 
where N’= N’(N) is a certain set containing N. Put 


A =A(N) = = {x(N’,»)}; B= BIN) = ¥ {x(N’,»)}. 


re. veN’—N 
Then, by using (10) and two simple results of (1),° one deduces that 
|N’| = r(A + B)< r(A)+7(B)< |A| + |B] < |N| +|N’— N| = |N', 
r(A) = |A| =|N|, 
40> {x*,}) = (iE {x(N’, »)}) = r(A) =|N|. 
This implies (8) and (9). 


4. The rank of sets of any cardinal. We use the same notation as in the 
preceding section. Let r(A) be a rank function defined in M. Let L bea 
subset of M. A subset L* of L is called a base of L, if L* is a maximal inde- 
pendent subset of L, i.e. if 


f(L*) = 1; f(L*+ {x}) = 0. (xe L — L*). 
I shall now prove that the concepts of independence and base relating to sets 
of any arbitrary cardinal have some of the usual properties well known in the 
case of finite sets, in particular that (i) given two independent sets, the second 
of higher cardinal than the first, it is possible to enlarge the first by the addition 
of one more element of the second set in such a way that independence is not 
lost; (ii) every independent subset of a set is contained in some base of this 
set; (iii) all bases of a set are of the same cardinal. 
Tueorem. (i) If |L| < |L’| ; f(L) = f(L’)= 1, then there exists x'e L’— LL’ 
satisfying f(L + {x’}) = |, 
(ii) If LyC L;f(Li) = 1, then there exists a base of L which contains 
L,. In particular (L, the empty set) every set L possesses at least one base. 
(iii) If L’ and L” are bases of L, then \L’| = \L’’|. 
In view of (ii) and (iii), one can define the rank cardinal r(L) as the largest 
cardinal of independent subsets of L, or, which is equivalent, as the common 


cardinal of all bases of L. If L is finite, this definition is consistent with the 
given definition of r. 


§{1], Theorem 3. 
3], (3.3) and Lemma 1. 
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Proof. For every integer n 20 and every ordered system xj, x2,..., Xn of 
n elements of M, define a number I(x, ..., x») as follows: 
I(x1,...,%n) = 1, if r({x1,..., xa}) = 2, 
I(x1,..., Xn) = 0 otherwise. 
According to Whitney,” the function J satisfies conditions (i)-(iv) of [1], in 
particular 


m+1 
(11) Non. coc te Tn... +d S u Fac - « + + Fan Hq) 
In order to prove (i) of the Theorem, assume that 
(12) f(L + {x}) =0, (xeL’— LL’). 
Let x’eL’. Then there exists a set {x:,..., xn}C L satisfying 
(13) I(x, ...5%a,%) = 0. 
For if x’e L, this follows from (12). If x’e L, (13) holds for m = 1, x,= x’. 
Put, for some fixed choice of m and x;,..., Xn, }X1,---; ta} = A(x’). I want 


to apply Lemma 2 to the system of sets A(x’) (x’e L’), using the cardinal 
number as the rank function occurring in Lemma 2. In order to verify (7) 
assume that 

{x',, coos xb eC } 


(14) A(x's)+.. + A(x’s) = {yn - +s Im} eC L, 
m < k. 

This should lead to a contradiction. By (13), 

I (Ym + +++ Vmy X'1) = 0 
for suitable m,; 1 < m<...< m,< m. Then I(y:,..., ¥m, x’1) = 0 and, 
by symmetry, 
(15) I(y1, . 25 Ym, Xk) = O (lg «b). 
Since f(L) = 1, 
(16) T(pa,.--5 Fu) = 1. 
One deduces from (14), (16), (15), (11) that I(x,’,..., x’,) = 0, which contra- 


dicts f(L’)= 1. This proves that 
|A(x’s)+...+ A(x’s)| 2k 
whenever {x’:,...,x’x}~C L’. Hence, by Lemma 2, one can find elements 
¢(x’) satisfying 
o(x’)e A(x’)C L (x’e L’), 
o(x’) # o(x”’) for x’ # x”. 
This contradicts the fact that |L’| >, |Z|. Hence (i) holds. 

In order to prove (ii), suppose that L,C L; f(Zi)= 1. Let A be the aggre- 
gate whose elements are all sets L’ satisfying L;C L’C L; f(L’)= 1. Thus 
Lye A. Then Zorn’s Lemma [4] applies to A. For let A’ be any subaggregate 
of A which has the property that, whenever L’e A’, L’’e A’, at least one of the 





10(3], 6. 
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relations L’C L”, LC L’ holds; denote by L’” the union of all sets L’e A’. 
Then, clearly, any finite subset A of L’” is subset of some element of A’, and 
hence satisfies f(A)= 1. Therefore f(L’”’)= 1, L’"e A’. By Zorn’s Lemma, A 
possesses a maximal element L*. This means that 
Lic L*cC L; f(L*)= 1, 
f(L*+ {x})=0 (xeL — L*), 
i.e. that L* is a base of L containing L;. This proves (ii). 
Finally, suppose that L’ and L” are bases of L, |L’| <|L”|. Then f(L’)= 
f(L") = 1. Hence, by (i), there exists x’e L’ — L’L” such that f(L’+ }x’}) = 1. 
This contradicts the fact that L’ is a base of L and hence, by definition, not a 


proper subset of an independent subset of L. This completes the proof of the 
theorem. 
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REPRESENTATION BY QUADRATIC FORMS 
GORDON PALL 


1. Introduction. The elementary portions of the theory of integral repre- 
sentation of numbers or forms by quadratic forms wili be somewhat simplified 
and generalized in this article. This indicates certain directions in which new 
applications can be made. The applications made here will be largely to the 
representation of numbers or binary quadratic forms by ternary quadratic 
forms. Particularly, we shall obtain the correct estimate (Theorem 10) needed 
to fill a lacuna in certain work of U. V. Linnik [1] on the representation of large 
numbers by ternary quadratic forms. Since Linnik applied his theorem on 
ternaries to prove [9] that every large number is a sum of at most seven positive 
cubes, a lacuna in this proof can now be regarded as filled. 

While a genus, consisting of a finite number of classes of forms, is regular in 
the sense that one or other of its classes represents any number not trivially 
excluded by the generic conditions, it is difficult to prove anything general 
about the numbers representable separately by a single class. Thus, for 
example, x?+ y’+ 72? and x*+ 2y’— 2yz + 42? are representative forms (one 
from each class) of the two classes of a certain genus, and represent between 
them all (and only) the positive integers not of the forms 7°*"(7n + r), (r = 3, 
5, 6). But a given number (e.g. 3) not of the excluded forms may happen to 
be represented by one class but not the other. In this example it can be 
proved that each class represents all positive integers congruent to 0 or 1 mod 4 
and not of the excluded type 7****(7n+-r), and there is some reason to believe 
that all “‘large’’ numbers represented by either form are represented by the 
other. Although general theorems stating that single classes are regular for 
large numbers have been proved (Kloosterman [2], Tartakowsky [3], Ross and 
Pall [4]) for forms in four and more variables, the situation is more complicated 
in the case of positive ternary quadratic forms. 

Examples illustrating this were published by the author in 1939 [5]. Thus, 
the forms f = x?+ y’+ 162? and g = 2x?+ 2y’+ 52*— 2xz — 2yz represent the 
two classes of a certain genus of determinant 16. It was proved that g repre- 
sents no square m? such that all the prime factors of m are congruent to 1 mod 4. 
Since f obviously represents all squares, it is clear that g does not represent all 
the large numbers represented by its genus. The example shows also that, 
in general, a class may not represent the numbers consistent with its genus and 
divisible by a large square factor. 

It may be of interest to state another property of f and g, that by combining 
classical results of Glaisher [6] with results on the representation of numbers 
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8n-+1 in the Jones-Pall article mentioned earlier, one obtains precise formulae 
for the number of representations f(m) and g(m) of an arbitrary integer n by f 
and g. This is believed to be the first known example among genera of forms 
in more than two variables. If ro(m) denotes the number of representations 
of m as a sum of three squares (for which there are well-known expressions), 
then 


f(n) = g(n) = ro(n)/3 if nm = 2 or 5 mod 8; 


f(n) = g(n) = 0 if n = 3, 6, or 7 mod 8; 
f(n) = g(n) = (1 — j/3)ro(n) if m = 4(4k + 7), 7 = 0, 1, 2, 3; 
f(n) — g(n) = 0 if m = 1 mod 8, m not square, 


= (—1)**-D45 if m = s*, s odd and positive; 
f(m) + g(m) = 2ro(m)/3 if nm = 1 mod 8. 

Linnik [1] obtained, by means of generalized quaternions, a theorem stating 
that under certain conditions (which are not satisfied by the preceding ex- 
ample) a class of positive-definite, ternary quadratic forms represents the 
sufficiently large odd numbers prime to the determinant which its genus repre- 
sents. At a certain stage of his proof, he reduces the problem to that of 
representing a binary quadratic form ¢ = k¢:(¢:1 properly or improperly primi- 
tive) as the sum of squares of three linear forms 

(ayx + byy)*+(aex + boy)?+ (asx + day)? 
such that the g.c.d. of the numbers a2);— abo, @3b1— abs, ayb2— aed; is equal 
to the divisor k of @. Later, ¢ is thus represented by a more general ternary 
quadratic form. He states that if D denotes the determinant of @ then for 
every positive e, the number of such representations of ¢ is of the order 0(D*); 
and that “this can be proved by methods similar to those of Gauss.’’ Classical 
treatments (e.g. in [7]) seem, however, to have been restricted to the case 
where the divisor k of @ is squarefree; and Linnik’s statement is in fact not 
true in general. The true estimate is given in Theorems 4 and 5, and involves 
the factor h, where h? is the largest square factor common to k and ab — ?, 
where ¢:= ax*+ 2txy + by’; thus # can be as large as D”’®. 

Fortunately, the forms in which h is large can be counted differently, and 
hence Linnik’s applications can be carried through successfully. This was 
indicated by the author [8] in 1941 for the special case of ordinary quaternions 
and a sum of three squares. 


Notations. Unless otherwise indicated, capital letters A,... , Z denote matrices. 
The symbol 7;‘*’” indicates that 7, has m rows and k columns. A,...,G 
are symmetric. German letters r, 9, t designate column vectors. J" denotes 
the transpose of T. I is an identity matrix; a zero matrix is denoted by 0; 
pis a prime. The determinant of a quadratic form f = r’Ar is denoted by 
\f| or |A|. The form ¢:= ax*+ 2txy + by* is properly primitive (p.p.) if a, 2t, 
and b are relatively prime (a, t, b integers); improperly primitive (7.p.) if a, t, b 
are relatively prime and a,b areeven. The terms unimodular and unit-modular 
designate integral square matrices of respective determinants 1 and +1. 
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2. Integral and primitive representations. Let A‘"’”™ and B,‘*’” be non- 
singular, symmetric, real matrices, 1 < k < m. We say that A represents B; 
if there exists an integral matrix 7;‘""" such that 
(1) T', ATi = Bi; 
and we call 7; a representation of B; by A. Also, T:, ort = Tw, is called a 
representation of the quadratic form »'B,y by the quadratic form r'Ar. Note 
that since a representation is a matrix, two representations are considered as 
equal only if corresponding components are equal. Thus the solution x = 7, 
y = 4 of x*+ y’= 65 gives rise under permutations and sign-changes to eight 
representations of 65 by the form x?+ y’, or by its matrix J. 

In a similar manner, since 7" ,(W'AW)T;=(WT;)'A(WT), where W is 
any unimodular automorph of A, the matrix WT; is a representation of B, by 
A, with T;. As W ranges over all the unimodular automorphs of A, the set of 
matrices WT, will be called a set of representations, and denoted by (WT7)). 

If the g.c.d. » of the minor determinants of order k in T, is 1, the repre- 
sentation is termed primitive. If A and B, are integral, the problem of finding 
the representations of B, by A can be reduced to that of finding the primitive 
representations of a certain finite set of matricesby A. We use for this purpose 
the following lemma. 


Lemma 1. Let T,‘**” be an integral matrix of g.c.d.p,1<k<m. Then 
T; can be expressed in one and only one way in the form 


(2) T:= RM, 
where R,""® is primitive, M‘**® is integral, |M| = u, and M has the form 
Mi Mi2,-+-+5Mik 
0 Ma, +++ 52k ’ Miy--++, Ue= BP, 
(3) sie Atal al laa ah 0 5 pix ws =2,..., R357 <4), 
0 0, «ey BE 
where the elements 1, . . . , uy are positive integers, the elements ;; above each y;, 


are integers reduced modulo y;, and those below the principal diagonal are 0. 

Proof. By Lemma 3 below, we can obtain (2) with R: primitive, and M 
merely integral and of determinant », but have the possibility of replacing 
R, by RiV™ and M by VM, with V unimodular. Hence the lemma is a 
consequence of the following result, first given for a general k by C. 
Hermite [11]. 

Lemma 2. If M‘*+® is integral, and |M| = u > 0, then by choice of a uni- 
modular matrix V, VM can be made equal to one and only one Hermite-matrix (3). 

If we substitute T7,= R,M in (1), we have 


(4) R',AR,= B’,, where B’;=(M")“B,M—, 
and the left member is an integral, symmetric matrix. Hence 
(5) B,= M'B’\M, 


where B’; is integral. Thus y? is restricted to be one of the finitely many 
square factors of | B,|, and hence the Hermite-matrix M has only a finite number 
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of possible values. All the representations of B,; by A are found, without dupli- 
cation, in the formula T,;= RM, where M ranges over the Hermite-matrices (3) 
such that (M')B,M— is an integral matrix and R, runs over the primitive 
representations of every such matrix by A. 

If k = 1, this amounts to the observation that all integral solutions ¢ of 
f(t, ..., tn) = b; are given by t = uf, where yz? is a square factor of b; and ft 
is a primitive solution of f(x1,..., Xn) = b/p?. 

It should be noted that, in finding or enumerating the representations of B, 
by A, either can be replaced by an equivalent matrix. If A is replaced by 
P'AP and B, by V'B,V where P and V are unimodular, then the representa- 
tion T; is replaced by the corresponding representation P-'T,V of V'B,V by 
PAP. 

It can be proved that the integral matrix 7, has a greatest right divisor M, 
namely an integral non-singular matrix M“*’” such that (a2) T;= R,M for 
some integral matrix R,, and (b) if N“*:” is any integral matrix such that 7,N~™ 
is integral, then MN~ is integral. More generally, the following result holds. 

Lemma 3. Let T,'"*” be an integral matrix of rank k, and denote the g.c.d. 
of the minor determinants of orderkin T, byw. Assumel1<k <n. Then, (i) 
T; has a greatest right divisor M, (ii) | M| = + uy, (iii) every greatest right divisor 
of T; is given by VM, where V‘**™ is unit-modular, (iv) there exists an integral 
matrix T,‘"*"—", called a (right) complement of T;, such that (T, T+) has deter- 
minant pw, (v) if T: is a particular complement of T;, then every complement 
T*, of T1 is given by 
(6) T*,= T,H + T.U, 
where U‘"—*+"—® is an arbitrary unimodular matrix and H‘*»*—» is any rational 
matrix such that T,H (or MH) is integral. 

It should be remarked that (i), (ii), and (iii) hold also when k = m. For 
the proof we refer to Siegel [10]. However, a proof of (v) for the primitive 
case will be useful later: 

Lemma 4. If T, is primitive, and T; is one matrix such that (T,T>2) is uni- 
modular, then the most general such complement T*, is given by (6) with U any 
(n—k, n—k) unimodular matrix and H any (k, n—k) integral matrix. 

Proof. Let (S:S2)", with S;"*” and S,‘"'*-®, denote (7:T:)~. Then 
(7) S', T=, S1T2=0, S'2T1=0, S':T2= In, 
where J; and J, denote identity matrices, of orders k and nm — k. Hence, if 
T*, is any complement of 71, 


: 
(8) [gt jaury = [3 2 |. 


where H = S', T*, and U = S",T*:. Evidently, H is integral and (com- 
paring determinants) U is unimodular. Multiplying on the left by (7172), we 
have 


(9) (T, T*:) = (T1 T2)R, where R = | . . |. 
and hence (6). 
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3. The basic algorithm. Let 7; be a primitive representation of B, by A, 
1<k<xn. Choose a particular complement 7; of T:, so that T =(T; T>) is 
unimodular, and construct the matrix equivalent to A, 

T T -T 
_ wt Ass T':AT, T', AT: _ B, K 
(10) B-rar=| i4r mee! -(2 5, | 
K and B, being defined by the last equation. Construct also S'= T—, S = 
(S; S2), where S,°**” and S,‘**"-” , denote adj A by C, and construct 
S',CS: SCS D, L' 
S — > 1 1 1 Ae 1 
(11) D=adjB=SCS | S'.CS, St = | L D\° 
The algorithm is based on a consideration of what happens to B (or D) when 
T; is replaced by other complements 7,H + 7:U (H integral, U unimodular) 
of Ti. 

Denote |B;| and |D,|, respectively, by 6; and dz. It will be convenient to 
record here the result of ‘‘completing squares”’ relative to B, and D2, in B and 
D. To complete squares, we replace B by P'BP and D by Q'DQ, where 


_f i, —Bry"K' _ Th 0 T_ n'p - 7. 
P=| 4 I: ioe We 7, |: PO'= OP = 1; 


and so obtain 


—a— © we tn, | aE 0 
(12) Pisp =| ng |> De =[ 0 Pe 
where 
(13) G = b,B.— K(adj B,)K", E = d.D,— L" (adj D.)L. 


If a = |A|, then |D| = a*™, and it will be found that, since BD = al, 
(14) L* = —B,"K" D2, GD2= abiI2, BsE = adel), dz= ba"—*—, 
\G| = ab,"-*—, adj G = b,""*D,, E = a*~* adj By. 
If T; is replaced by T7,H + T2U, then T is replaced by TR, where 


; tiem) taewna 
aes R=| 4 “tS het a 


Thus, the effect on the quadratic form r' Br, of replacing T; by 7: H + T2U, 


is to apply the unimodular transformation U to the variables x,4:,..., Xn, 
and then the translation 
(16) x= vit 2X higxj(t = 1, coes k), t= ¥i5G = k + a eens n) 

jok+ 


where H =(h;;). The matrix G obtained by completing squares is evidently 

not affected by the translation (16). We thus have the following theorem. 
THEOREM 1. With any primitive representation T, of B; by A is associated 

an aggregate of pairs of matrices: 

(17) U" GU and U' K + H' B,, 

the aggregate being derivable from any one pair G and K by use of an arbitrary 

unimodular U and integral H. Here G is the matrix obtained on ‘‘completing 

squares” with respect to By, in the matrix B=T' AT, where T is a unimodular 

matrix having T, as its first k columns. The same matrices G and K are assoc- 

iated with WT;, where W is any unimodular automorph of A. 
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The last statement is evident, since, if T is replaced by WT, the same 
matrices B and hence the same matrices G and K are obtained. 

The important case k = 1 is worth formulating separately. 

THEOREM 2. Let t be a primitive representation of a non-zero number m by a 
real non-singular quadratic form f. All forms g = mx;*+-. . . obtained from f by 
unimodular transformations whose first column is t, are obtainable from any 
particular one of them, 

(18) i= m(x1+. . .)?+ O(x2,..., Xn), 

of which the form after completing squares is here displayed, by applying an arbi- 
trary unimodular transformation to o, and then replacing x, by x1+ hexe+.. . 
+ hax, with integers he,...,hn. The same forms g are obtained if t is replaced 
by Wt, where W is a unimodular autor:orph of f. 

The invariance of the class of ¢ for a given primitive set of representations 
of m has important consequences in the theory of reduction of n-ary quadratic 
forms. It may be remarked also that there are applications in cosmogony 
of results of the sort that there is only one set of representations of certain 
numbers m, as for example [15] of 1 by x*— y’— 2*— #; and this is connected 
(as will be clear from the following) with the fact that only one class of forms ¢ 
may appear on completing squares. 

Conversely, for given B,, G, and K, we can set 

-T 

(19) G + K(adj B,)K' = 5,B:, B = | Bi x |. 

K B, 
Observe that if G and K are replaced by U' GU and U" K + H" B,, then B is 
replaced by R" BR with R as displayed in (9). If it happens that A ~ B, let 
T be a unimodular transformation of A into B. Then, as is well known, the 
most general such transformation is W7, where W ranges over the unimodular 
automorphs of A. Hence the matrices WT, where 7; consists of the first k 
columns of T, constitute a set (WT) of primitive representations of B, by A 
associated with the pair G and K. 

By confining attention to integral matrices A and B,, some limitation is 
obtained on the possible matrices G and K. Then K and G are integral matrices 
such that 
(20) K(adj B,) K'= —G (mod })), (b,= |B, |). 
Since B,(adj B;) = 6,J;, evidently if K satisfies (20), all the matrices K + H'B, 
with H‘*»"—” an integral matrix, are also solutions. These matrices are said 
to form a right-sided residue class modulo B,, and two matrices in the same 
right-sided residue class will be termed congruent modulo B, (or right-congruent, 
to avoid ambiguity). 

If a matrix G is chosen in the class of equivalent matrices U' GU, then U is 
restricted to be a unimodular automorph of G, and the associated matrices K 
satisfying (20) constitute a complex of solutions of (20), in accordance with the 
following definition. Two integral matrices K and K’ are said to be in the 
same complex of solutions of (20) if, for some unimodular automorph U of G, 
U" K and K’ are congruent modulo By. 
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Thus, every set (WT;) of primitive representations of B; by A is uniquely 
associated with a certain class of matrices G, and if we select a matrix G of the 
class, with a unique complex of solutions K of (20). Conversely, any symmetric 
matrix G and associated complex of solutions of (20) is connected with a set of 
primitive representations of B,; by some matrix A’. 

In some cases, a set of nonequivalent matrices A’,..., A“ and a set of 
nonequivalent matrices G’,..., G‘”, each GY (j = 1,..., s) being accom- 
panied by one or more complexes of solutions K of (20) with G = G”’, can be 
associated by our algorithm. For example, if A’,..., A‘ consist of repre- 
sentatives (one from each class) of a given determinant a, then (cf. (14)) 
G’,..., G™ will be matrices of determinant ab,"~*"; and if K is a solution 
of (20) with G one of the G™, then the matrix B constructed as in (19) will 
have determinant a, and hence must be equivalent to one of A’,..., A\™. 
Examples will show that the matrices G’, . . ., G‘*) may not comprehend all 
classes of determinant ab,"~*~', since (20) may not be solvable for some of 
these. An important case is that where A’,..., A“ are representatives of 
the classes of a genus. Then G’,..., G‘*” can be shown to consist of the 
classes of one or more genera. In general, not every complex of solutions of K 
of (20) with G = G” will be such that the matrices B constructed therefrom 
as in (19) are in a prescribed genus, and it becomes necessary to specify those 
solutions. 

It should be noted that, if k = nm — 1, G is a matrix of one element, namely 
ab," "*“'=¢= |Al. The only unimodular automorph of G is U = [1]. Con- 
gruence (20) is then a single quadratic congruence 


n—1l 


(21) DX cigkikj = —a (mod ,), 

§,j=1 
where adj Bi=(c;;) and K = (ki, ke,..., Rana]. Accordingly, all the primitive 
representations of an (m — 1)-ary quadratic form by an n-ary quadratic form f 
can be found by solving (21), constructing from these solutions quadratic forms 
g with matrix B as in (19), and determining whether f is equivalent to such 
forms g. 

This process is somewhat simpler than that of Gauss, Smith, and Min- 
kowski, who preferred to work with the adjoint form (11), as will be briefly 
indicated in §9. If the matrices G are known, the process can be used for 
n—k>1l. 


4. A fundamental quantitative relation. The preceding association can 
be put on a more quantitative basis by use of the following theorem. 


THEOREM 3. Let A, T:, Bi, G, and K be associated as in the preceding algo- 
rithm. Let T\(A, 71) denote the subgroup of unimodular automorphs W of A 
such that WT,=T,, and 1.(G, K) the subgroup of unimodular automorphs U of G 
such that U" K and K are congruent modulo B,. The two subgroups are iso- 
mor phic. 


, 
: 
| 
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Proof. If T is unimodular and 7; is the matrix of its first k columns, and 
B = T" AT, then the most general unimodular transformation of A into B 
with 7, the matrix of its first k columns is given by WT with W in (A, 7)). 
For every such W, T-'WT is an automorph of B of the special form 
(22) [WT = T-(T, WT:) =R = | = |. 

The condition R' BR = B expands into 

(23) K = U'K + H' B,, U'GU =G. 

Hence U belongs to T,(G, K). Conversely, if U is in T.(G, K), and H is defined 
by (23), then R' BR = B for the R displayed in (22), and W = TRT™ is an 
automorph of A such that W7,= TR(J, 0)‘ = (7; T:)(1, 0)" = Ty. This sets 
up a one-one correspondence between the two subgroups, and is it easily veri- 
fied that this correspondence is preserved under multiplication. 

Coro._tary. If k = n — 1, the representations WT, of a set are different 
for different automorphs W, and the only automorph W of A such that WT,= T; 
is W = I. 

Proof. The matrix G is unary and the only U is [1]. Note the assumption 
here that A and B, are non-singular. 

The number » of elements in I',(G, K) may be finite or infinite, but the index 
denoted by vy, of ['.(G, K) within the group I',(G) of all unimodular automorphs 
U of G, is finite. Indeed, if the elements of [':(G, K) are denoted by U’, 
U",..., then each coset U’V, UV, . . . is characterized by the property that 
the products vu" K, V' U'' K,..., are congruent modulo B,; and the 
number of incongruent residues modulo B, is finite. Thus y is equal to the 
number of incongruent elements K modulo B, in a complex of solutions of (20). 
If the number u of automorphs U of G is finite, u = vy. Hence, by Theorem 3, 
if also the number w of automorphs W of A is finite, 


(24) 1 _ number of distinct representations WT, _ ¥ 





v w u 

If w is finite, the weight of a representation T, (by A) is defined to be 1/w. By 
(24), the sum of the weights of the representations in a set (WT) is 1/v. Now 
v is finite when w is finite, even though w may be infinite. It is consistent and 
natural to define the weight of a set of representations (WT) to be 1/y, if » is 
finite. 

The association of § 3 can therefore be given the following quantitative form. 
Let the numbers u; of unimodular automorphs of G’’ be assumed finite, (j = 
1,...,5). Denote by A‘ (B,) the sum of the weights of all sets of primitive 
representations of B, by A‘” ; and let p(G’) denote the number of solutions K 
of (20) (with G = G”) which are incongruent modulo B, and are such that 


the corresponding matrix B in (19) is equivalent to one of the A‘”. Then 
h s 

(25) > A (Bi) = LY o(G)/u;. 
i=1 j=l 


Note that if A‘®[B,] denotes the number of primitive representations of B; by 
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A, and the numbers w;, . . . , w, of unimodular automorphs of A’,. . . , A“ 
are finite, the left member of (25) has the form 2A‘ [B,]/w;. 

The weight of a matrix, or class, is the reciprocal of the number of its uni- 
modular automorphs. Hence the right member of (25) is the sum of the 
weights of the matrices G” multiplied by p(G™). Since matrices of a given 
genus can be supposed congruent to any modulus, p(G”) depends only on the 
genusof G”. Hence, if the matricesG™ include the classes of a genus r, and 
p(r) denotes the value of p(G) for G in r, the corresponding terms in (25) unite 
into p(r)w(r) where w(r) denotes the weight of the genus, i.e. the sum of weights 
of its classes. 


5. An example: representation by binary quadratic forms, nm = 2, k = 1. 
The reader may find it of interest to review this classical case as an instance 
of the preceding methods. Let f = [a, b, c] denote an integral binary quadratic 
form of non-zero discriminant d = b?— 4ac. It is desired to find the primitive 
representations fr of a given non-zero integer m by f, i.e. the coprime solutions 
X1, X2 of 
(a) axy + bxix2 + cx? = m. 

If £ is a primitive solution of (a), there exist integers y1, ye such that x; y2— 
x2¥i1= 1; and it is easily seen that the general formula for such integers is 
given in terms of a particular pair by yi+ hx., ye+ hxe, with h an arbitrary 
integer. The unimodular T = [r )] replaces f by g = [m, n, q] where 
(b) m = 2axiy1 + O(x1y2+ 291) + Bexey2, 

m is given by (a), and q is then fixed by the discriminant d = n?’— 4mq. If y1 
and ye are replaced by yi+ hx; and ye+ hxe, g is replaced by the equivalent 
form [m, n + 2hm, q’|. Thus, every primitive representation £ of m by f is 
associated with a solution z = n of 

(c) z*= d(mod 4m), 0 < z < |2m)\. 

For any unimodular automorph W of f, WT replaces f by the same g, and the 
set of primitive representations Wr is associated with the same root z of (c). 

Conversely, for every solution z of (c), consider the integral form 

(d) g.= [m, z, (22— d)/(4m)], of discriminant d. 
If f is not equivalent to g,, then no primitive representations of m by f are 
associated withz. If f ~ g,,and T is a unimodular transformation of f into g,, 
the most general such transformation is WT, W ranging over the unimodular 
automorphs of f. The first columns Wr of WT constitute a set of primitive 
representations of m by f associated with z. Hence we have two theorems: 

THEOREM A (Gauss). Let f=|a, b, c] be an integral binary quadratic form of 
non-zero discriminant d, m be a non-zero integer. The number f'(m) of primitive 
sets of representations of m by f is equal to the number of solutions z of (c) such 
that f ~ |m, 2, (22— d)/(4m)]. 

THEOREM B (Dirichlet). Let fi,...,f, be representative forms, one from each 
class, of integral binary quadratic forms of a given non-zero discriminant d, m be 


an eran ah 


~_ ms, 45 * £=oe 
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a non-zero integer. Let R'(m, d) denote the number f',(m)+-. . .4+- f’,(m) of sets 
of primitive representations of m by the system of forms f,,...,fx. Then R'(m, d) 
equals the number of solutions z of (c). 

If we desired the number of sets of primitive representations of m by the 
system of primitive classes of discriminant d, we would merely restrict z to be 
a solution of (c) such that g, is primitive. Or, if we wished the classes to be 
those of a given genus, we could express the condition that g, is in that genus. 
It is readily shown that if m is divisible by no prime » such that d/p* is an 
integer of the form 4k + 0 or 1, then m is represented in at most one genus of 
discriminant d, and that g, is necessarily primitive,—so that both the pre- 
ceding conditions are somewhat trivial in the binary case. 


6. The primitive representation of a binary quadratic form as a sum of 
three squares. As a preliminary to its extension in § 8, we consider by the 
preceding methods the classic problem of finding the number N of primitive 
representations of a positive-definite classic binary quadratic form ¢ = [a’, 
2t’, b’] by x*+ y* + 2’, that is the number of solutions of the identity 

a’x*+ 2t'xy + b’y? =(aix + Biy)?+(a2x + Bey)? +(asx + Bry)? 
in integers a1,..., 83 such that a283;— as8e2, a182— a281, a381— aif; are rela- 
tively prime. Here A = J‘*:®, B, is the matrix of ¢, b;= a’b’— t’? >0, and 
(21) reduces to 
(26) b’k;? — 2t'kiko+ a’k.? = —1 (mod dy), 
with K = [ki, ke]. For any integral solution K of (26), the matrix 
-T 
B = | By K |. where B,=(1 a b’k;? — 20’ kiket+ a’k.*) ‘by, 
K By, 
is a classic, positive-definite matrix of determinant 1, and hence (since there is 
only one class of such matrices) is equivalent to A. Since A has 24 unimodular 
automorphs and G = [1], N =24,, where is the number of solutions K modulo 
B, of (26). The computation of \ is reduced to that of the number u of solu- 
tions K modulo };, by the following lemma. 

Lemma 5. Let By**® be assumed merely integral and of non-zero determinant 
+8, 68> 0. Set H =[hy,..., hy]. As hi,..., hy rum through all integers, 
H' B, gives rise to exactly 8*— incongruent matrix residues modulo 8. 

Proof. The property in question is unaltered if B; is multiplied on both 
sides by unit-modular matrices. Hence B; can be replaced by a diagonal 
matrix {e1, “yee ex}, where the e’s are positive integers and their product 
equals 8. Then H' B, is the diagonal matrix {hye1,.. . , hyex}, and the ele- 
ments have, independently, 8/e:,..., 8/e, residues modulo £. 

Now u/d is equal to the number of incongruent residues modulo }; which 
are obtained, for given K, from K + H' B, as H' = [hy, hs] ranges over all 
integral vectors. By Lemma 5, u/A = d:. Hence N = 24 w/b. 

The conditions for (26) to be solvable (and hence for ¢ to be primitively 
representable as a sum of three squares) will now be examined. No odd prime p 
can divide all three numbers a’, ¢’, and 6’, since such a prime would divide the 
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modulus }; and does not divide the right member —1. Similarly, if a’ and b’ 
are even, then ¢’ must be odd, hence };= 3 mod 4. Since, by (26), ¢ represents 
—1 mod #, the generic character (¢|p) must have the value (—1\) for every 
odd prime # dividing };. Now, if ¢: is any primitive non-negative binary 
quadratic form of discriminant d (= —2%e, e odd, g > 0), then the generic 
characters of ¢: are known to satisfy 

s 
(27) (2|m)2(—1|m)*e+» IT (m\p) = 1, 
where lel = pips. . . p, expresses |e| as a product of primes, and m denotes any 
integer prime tod and represented by ¢:. If b:= 4 or 0 mod 8, the residue mod 4 
or 8 of the odd numbers represented by ¢ is invariant, and by (26) this residue 
has to be that of —1; however, if we substitute —1 for m in (27), it reduces to 
the impossibility (—1)*¢+? (—1)**—) = 1. Hence b:# 0 mod 4. The same 
contradiction is found if ¢ is properly primitive and e=b,=3 mod 4. Finally, 
if @ is improperly primitive (hence };= 3 mod 4), then the application of (27) 
to ¢1= 43¢, for which (¢:\p) = (—2\p), shows that (2|b;)= —1, i.e. b;= 3 mod 8. 
Hence, a positive definite classic binary quadratic form is primitively representable 
as a sum of three squares if and only if $ is p.p. and || = 1 or 2 mod 4, or ¢ is 
i.p. and \¢| = 3 mod 8, and ¢ represents —1 mod |¢\. 

Now a form equivalent to ¢ can be given the residue ax?+ hb,y? mod by, 
where a = —1 =h mod 4;. Hence (26) has 2’); solutions, and N = 24.2’, 
where » denotes the number of distinct odd primes dividing },. 

To obtain the number of primitive representations of a positive integer }, 
(= 1 or 2 mod 4, or 3 mod 8) as a sum of three squares, we may take n = 3, 
k= 1, A’=I,h = 1, By= db; in (25). Then G’,..., G™ are representative 
matrices (one from each class) of the particular genus of binary quadratic 
forms of determinant 5, which are primitively representable by adj J (= J). 
Using the residue —x*— byy* mod d, for any of the G“”, (20) becomes 


ky Rika | _ -_ —-1 90 
re ks? |- | 0 .} (mod bi), 


which has 2” solutions k;, k2 mod 5;. Hence, the number of primitive repre- 
sentations of 5; as a sum of three squares is equal to 24.2” s/u, where s denotes 
the number of classes of the genus described above, and u is the number of 
unimodular automorphs ‘of any form in that genus (u = 4 if b:= 1, u = 6 if 
b,= 3, u = 2 otherwise.) 


7. Properties of Hermite-matrices. To obtain all representations, primitive 
or imprimitive, of B; by A, we have to consider the Hermite-matrices M such 
that M™ B, M“ is in a genus capable of primitive representation by A. The 
discussion will be simplified by reduction to the case where |M| is a power 
of a prime. 

LEMMA 6. (i) Let mi, mz be coprime integers. An integral matrix Q of 
determinant mm; has a unique Hermite-matrix of determinant mz as a right- 
divisor. (ii) If m, m2,...,m, are coprime in pairs, a matrix Q of determinant 
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m,m,...m, can be expressed in one and only one way in the form UM’, M's, 

.., M’,, where U is unimodular and M"',,..., M', are Hermite-matrices of 
respective determinants m,,...,m,. (iii) If Mi,..., M, are Hermite-matrices 
of determinants m,,..., ™,, coprime in pairs, then the matrix Q of determinant 
mym,...m, having M; as its right-divisor of determinant m; (i =1,..., 5) ts 
uniquely determined up to a left-unimodular pam Hence, if Q is a Hermite- 
matrix, it is unique. 

Proof. (i) We can express U,QU2 as a pe matrix D, which can evi- 
dently be factored as D,Dz2 with |D,| = m, and |D.| = mM. The existence of 
a right-divisor of Q, with determinant m, follows. This divisor can be sup- 
posed to be an Hermite-matrix. To establish its uniqueness, consider N,M,= 
N’,M"',, where|Ni| = |N’;| = mi, and|M’.| = |M2| = ms. Hence (N’:)Ni= 
(M’,M;~"), and both sides are integral since their respective possible denom- 
inz.tors are coprime. Hence M’,= UM, with U unimodular, and U = IJ by 
Leama 2. 

(ii) Obvious by repeated applications of (i). 

(iii) Let Q = Qi1M;. We will prove that the Hermite right-divisors of Q; 


with the determinants m2,..., m, are uniquely determined, and hence (iii) 
will follow by induction. Thus, suppose Q.M’,:M,= Q;:N:M;2 and Q.M",M,= 
Q;N’,M:, where the Q’s have determinants ms, . . . , m, and the other matrices 


have determinants m, or m: according to their subscripts. The argument used 
in (i) shows that M’,M,= UN,M;, and M",M,= U'N’;M>2. Hence (UN,)™ 
M’,=(U'N':)1*M"'s, (UN;)(U'N’;)™ must be integral and hence unimodular, 
M’,.= U"M"s, M':= M"'s. 

Two quadratic forms are in the same genus if they have the same index and 
and determinant, and are in the same class w.r.t. p (defined by residues modulo 
p’ with r large) for every prime p dividing the determinant and for the prime 2. 
The class w.r.t. p is unchanged by the application to the quadratic form of 
integral transformations of determinants prime to p, or of rational transfor- 
mations of determinants prime to ~ and with coefficients whose denominators 
are prime to p. It follows that the class w.r.t. p of B”’,; = (M™)~*B,M— is the 
same as that of (M™,)*B, M,", where M, is the Hermite right-divisor of M 
whose determinant is the highest power of p dividing |M\. Also, by (iii) of 
Lemma 6, the number of Hermite-matrices of determinant m mz. . . m, (where 
the m; are powers of distinct primes p,,7 = 1,..., s) for which (M™)*B,M— is 
in a given genus, is the product of the numbers of Hermite-matrices M; of 
determinant m; for which (M";) B,M;~ is in the class w.r.t. p; determined 
by that genus. 

Let B, be an integral, positive-definite 2 by 2 matrix of determinant },, and 
let y denote the number of distinct odd primes dividing };. Let x(p) denote 
the number of Hermite-matrices 


(28) M,; = ee » @, 7, and s non-negative integers, q < p", 
0 
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such that B’,;= (M",) "BM is an integral matrix satisfying the conditions 
of primitive representation by x*+ y*+ 2z* relating to the prime p, but if p > 2 
count every system gq, r, s for which |B’,| is prime to p as worth only 3. The 
reason for counting the latter systems as worth } is that in applying the 
formula 24.2” for the number of primitive representations of B’; (or rather of 
B’’,) by I, the value of v is diminished by one, from the value as defined for B;. 
Accordingly, the number of all representations of B, by J“*® will be 


24.2°I1x(p), 
t 


where p runs over the primes such that p*|4;. 


8. The factors x(p). First consider p > 2. The form ¢ can be given the 
residue p“'m,x,;? + p“m2x,? (mod p’) (7 sufficiently large), where m, and m, are 
prime to p, and 0 < ™< uw. On applying to ¢ the inverse of (28), we obtain 
the form 
(29) @’ = ayx+ Qdixixe + Cx”, ai = pm, b= — Gp“ —*m, 

a= pp (ge p™m,-+ p**“2m,). 
The conditions on ¢’ for primitive representability by x*+ y*+ 2 are that one 
of ay, bi, cx: be prime to p, and that if p divides |¢’| then ¢’ must represent 
— 1mod?. It will be convenient to consider instead the slightly more general 
condition that ¢’ shall represent — d mod p, where ¢ is a given integer prime 
to p. 


The solutions with a; prime to p require 


(30) r = $u;,q = 0,5 < ta, 
since 5; and c; must be integers and g < p*. With g = 0, we may have also 
(31) r< $141, qg= 0, s= due, 


since c; must be prime to p when p divides a; and };. For the remaining cases, 
with g not zero, we set g = p'qi,0 < t < s, q: prime to p. 

If pla; but not b,, then u;+ ¢ = 2r + s, hence (c; being integral), u:+ 2t < 
2r + 2s, uit 2¢ = 2r + ue. From these readily follow u2= t + s, 4(ue— 1) 
< t = u.— s, and hence 
(32) du, <s < ¥(uit ue), t = wm—s,r = t — ¥(u2— U4). 

Also, g: has 2es values mod p**~“*= p*~‘, where e; = ${1 + (— mymz\p)}; and 
hence g has 2e; values mod p* for each complex of values s, t, r. Note that in 
the present case |¢’| is prime to p. 

There remain to be considered the cases satisfying 
(33) 2r < us, 27 +5 < uy+t, p”* precisely divides p“**"q?2m,+ p**”mz. 
It will be convenient to subdivide these cases into three parts, as follows: 

(a) 2s = ue, $(t2— U1) < t < 32,7 <t — ¥(u2— 1); 

(b) 442 < s < $(uit ue), $(u2— m)<St < uwe—s,7r = t — ¥(u2— wm), 
while q, mod p*~ is such that (q:°m,+ m2)/p*—“ is prime to p; 

(c) r < 4uy,t <r + 4(uer mM), s = t + 4u1— 1, Qs arbitrary prime to p. 
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Thus (a) can be verified as embodying the conditions to be satisfied when 
2r + 2s = 2r + U2 < 2t + mu, whence (as r > 0) 4(u2— um) <t <s. Again, 
(b) corresponds to u;+ 2¢ = u,+ 2r < 27 + 2s, whence (by (332)) t < us— s 
< }u,. Note here, for use in the case where 2s = uw, that it can be proved 
that q:°m,+ m, has the quadratic character of — d modulo p for precisely 
6 values g, modulo p, where 


(34) = 6 = 3{p — 2 — (— dm|p) — (— dms|p) — (— mym,p)}. 

Note also that if 2s > ue, (— mymz.|p) = 1, and g:°m,+ m, = p*~“1’, then 
(qit hp*—“2)*m, + mz = p*—“2(q' + 2qumyh + p*~“th*m,), 

and the last factor has the quadratic character modulo p of — d for 4(p — 1) 

residues h modulo p; consequently, (¢:°,-+-m2)/p**—“* has the quadratic char- 

acter of —d for p — 1 residues g; modulo p**~“**". Finally, (c) occurs if u;+ 

2t = 2r + 2s < 2r + us. (whence ¢t < s is equivalent to r < 4m). 

We will use the abbreviations ¢;, ¢2, ¢;= 0 or 1 according as (respectively) 
U1, U2, Ug— u, are odd or even; and 9;= 3{1 +(— dm,\p)}, 6:= {4(u;+ 1}, 
(¢ = 1, 2); m= 4f1 + (- mymz\p) }. 

For odd p, x(p) will be a sum of terms due to each of the cases (30) to (33) 
(c), and determined as follows. 

If 2s < ue, in (30), m, must have the quadratic character of — d. Hence 
the terms x(p) corresponding to (30) and (31) are, respectively, 

(35) €:d2mi+ $ €x€., and €25ym2, 

the 4 being due to the circumstance that |¢’| is prime to p if s = }u» in (30). 
The term of x() arising from (32) is evidently 

(36) €3 901. 

In case (33)(a), for each value ¢t = $u.—i (¢ = 1, 2,..., 6:— 1), qi has 
(p — 1)p*-*"= (p — 1)p*" values modulo p*~‘, and r has 6,;—i values. The 
corresponding part of x(p) is therefore 

é:—1 
(37) ems X (b — 1)p'r— 1) = emf ("= 1)/( — 1) - 4). 


If 2s = ue in (33)(b), we can set ? = s —j (j = 1, 2,..., 3m). Thengq 
has 6p’! values modulo p*~*‘, and the corresponding part of x() is 


(38) Beres D> p= 4 eres(p"'— 1) — ferex(p"'— 1)/(p — 1), 

J 
where £ = 3{1 + (— dm,\p) + (— dms|p)+(— mimz|p)} = m+ m+ 23-1. 
If 2s > ue in (33)(b), we can set s = 4(u; + u2)—i (§ = 1,..., 6:— 1) and 
t = $(ue— u:)+7 (fj = 0,1,...,4%— 1), and have for the corresponding term 
of x(), 
(39) ems DX (p — 1)p* * = emms{ (6"— 1)/(6 — 1)— 44}. 

’ J 


Finally, in (33) (c), u: is even, and for given r, t, and s, g; has (p — 1)p*-*"? = 


(p — 1)p**-"— residues mod p*~*', and the corresponding term of x(p) is 
é:-1 


(40) me Lu (r —8:+62)(p—1)p" 7" = mea} (82 — 51)p"+(p™ — 1)(/(p—1) — 44}. 
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The sum of the terms in (35)-(40) will be found to be 
(41) x(p) = xi(p"*— 1)/(p — 1)+ wap", 
where x= emi t+ €oqot esns—(mit met a3— l)eres, x2= } €1€o+ €191(52— 53). 
Thus the values of «; and xz may be tabulated as follows: 


Ki Ke 
Case u; even, ue even. 1 3+ {1 oo dm,\p)}(u2— u;)/2 
u, even, Us odd. {1 sh dm,\p)} 4f1 +(— dm,\p)}u2+ 1 — u)/2 

u; odd, uzeven. 43/1 +(— dmz2\p)} 0 

u; odd, uzodd. 4/1 +(— mim,|p)} 0 


The value of 2x(p) thus obtained agrees with that for the case d = 1 given 
by the author [8] without details of proof; the method then used was quite 
different and based on a formula of Siegel. To express the value of x(p) in 
terms of generic characters of ¢, we may write @ = kd1, where ¢; is either p.p. 
or i.p., and k is a positive integer. For each odd prime p, we may set k = 
p™k,, and | | = p“*“it,, where k; and ¢; are prime to p. Then um, and wu, 
coincide with their values in the associated form-residue p“mx2+ p“m2x2?, 
(m,|p) = (k:|p)(¢1|), (mym2| p) = (ts|p). 

Before discussing x(2), we will compute the modified value x:() for Linnik’s 
problem, in which the number of representations is desired in which the divisor 
k of the binary form is equal to the divisor of the representations. This now 
means that u4.= r +s. 

In (30) this gives r = s = 4, and contributes to x:(p) the term ey if 
Uy < te, 4€:€2 if uy = U2. The contribution due to (31) is 0 unless 4u2< u1< Uo, 
and then is €om2. In (32), we need u;= ue, and then get 36; values 7, s,t. So 
far the contribution is small. However, in case (33)(a), if r +s = um, then 
r = Uy— $u2e< t — 3(ue— m1), > 4. Thus (33) (a) requires that $u2.< uw1< 
ue, and the conditions to be satisfied are 

hui<t < 32, 2s = 2,7 = u1— S, Qi prime to p. 
Thus we may set ¢t = 4u.— i, (¢ = 1, 2,..., 0), where v = [$(u2— u,— 1)], 
qi has (p — 1)p*-*"=(p — 1)p*" values modulo p*~‘, r now has one value, 
and the corresponding part of x:() is 
ene ) (p — 1)p* = exmo(p’— 1). 
’ 


Case (33) (b) is found to require }u. < u; < tu, and then to specify 
4(ue— U1) <t < 4m, 7 = t — ¥(ue— mW), s = ¥(uit+ u2)— Ft. 
The subcase 2s = “2 implies u,= 2¢ and gives the contribution Beenp* ug uy) —1 
Also, 2s > uz implies < }$u, we can sett = 3(u,— um) +7 (§ = 0, 1,..., 
uy—1 — [}u2]), and find the contribution e393(w, — [}u2])(p — 1)p“- 1, 
Finally, (33) (c) is equivalent to 
ty << s < hue, OS r = u1—5,t = 5m. 

Hence the contribution to x:()) is 


m1 [4(w2—1)] 
na >D (p—1)p*—*1-1 = aye,(p'™ —1) or na > (p—1)p*- 1 = m€:(p"—1), 
s=}urt1 s=$uitl 


according as u; < 3%: or $%2 <u, < ue. 


| 
| 
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Summing up, the value of x:(p) for odd primes p is given by 
1, if w= u2= 0; 
(42) der€o+ nadi, if uy= ue >0; 
mexp'Y?, if uy, < 4m; 
Uu2< Ui< Ue, where p = €191+ €2q2+ O€:€2+ €s9s(t41— [$42])(p — 1). 
4(u2— ui— 1)]. Note that the order of size of this factor is that of 
of p dividing h, where h? is the largest square factor common to k 


p’p, if 3 
Here v = [ 
the power 
and | ¢,|. 
Except for the values of x(2) and x:(2), we have the following theorem. 
THEOREM 4. Let k be a positive integer, o, be a positive-definite integral 


binary quadratic form, either properly or improperly primitive, A = \¢\ ¥ 0, 
@ = koi. The number of all representations of by + y’+ 2 is given by 
(43) 24.2” II x(p). 

pl2ka 


Here v denotes the number of distinct odd primes dividing kA, and x(p) is given 


for odd primes p by (41) withd = 1 and in accordance with the following notations. 


For any prime p, setk = p“k;, A = p“* “tty, k, and t; prime to p. If p> 2, 
define (m;\p) = (ki\p)(¢1\p) and (ms|p) = (mits\p), 61= [(ui+ 1)/2]. If p = 2, 
then x(2) = 0, except that x(2)= 1 in the following cases: 
(44) t+ te odd; u, and uz even, th= 1 mod 4; u, even, 1 1.p., t1= 3 mod 8; 

u, and Uz odd, d, p.p., t1= 1, 3, or 5 mod 8. 
The number of representations in which the divisor of the representations is equal 
to the divisor k of is given by 
(45) 24.2” IT x(p), 

9\2kd 


where x1(p) is given for odd primes p by (42), and x:(2) = 0 except that x:(2) = 1 
in the following cases: 


(46) Uy= U2— 1; Uy= Uz in all but the first case of (44). 


If m = k°A and h* denotes the largest odd square factor common to k and A, then 
the expression in (45) has for large m the order of size h.0(m*), for any preassigned 
positive e. 

Proof. It remains only to verify the values of x(2) and x:(2). The form @ 
is equivalent to a form having to modulus a sufficiently high power of 2, either 
the residue 

21m x1? + 2“2mox2”, with mym,z odd and 0 < m% < us, 
if 1 is p.p., or the residue 2"1(2x,* + 2xyx2 + 2jx,*), with j an integer, u, < 0, 
if : is i.p. : 

In the former case, the notations in (29) can be used with p = 2. The 
conditions that @¢’ must satisfy are that a,, b;, c, are integers such that either 
a; or ¢; is odd and a\c,;— b;? = 1 or 2 mod 4, or a; and ¢; are even but d, is odd 
and a;c;— 6b; = 3 mod 8. Hence a; cannot be divisible by 4, therefore u,= 
2r + 1 or 2r. 
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If u;= 2r + 1, then since 5, is integral, g = 0 or 2°". If g = 0, then c, 
must now be odd, u2= 2s. If gq = 2*-', then c:= $m,+ 2“*-**m, must be odd 
or double of an odd, hence u,= 2s — 1 and mym,= 1, 5, or 3 mod 8. 

If w,:= 2r, then g = 0, c:= 2“*-**mz, hence either u,.= 2s + 1, or u2= 2s 
and mym,= 1 mod 4. 

In the latter case (with ¢; i.p.), ¢’ is given by 
(47) a= Q°,ti-2" b, = + Q“i-2r—#(2" eal 2q), a= Qert1—sr—20( 98 a 2"q + 2?"j). 
Since 4\a, is excluded as before, u;= 2r or 2r — 1. 

If w= 2r — 1, then a,;= 1, b: = 27*(2""'— gq), hence g = 2” ifr —1<s, 
qgq=0Oifr—12s. Ifgq =0, then c= 2*-*j = 0 mod 4, and the condition 
that a,c,;— b;? = 1 or 2 mod 4 is contradicted. If g = 2°, then gq = 2°°*"* 
(47 — 1), which is not integral since r — 1 < s, a contradiction. 

There remains u,;= 27, a;= 2. If s = 0, then g = 0, = 2’, c= 2°74, 
hence r = 0 andj must be odd. Ifs = 1, thenr 2 1 since d; is integral, g = 0 
since ¢; is integral, hence r = 1 and j must be odd since ¢’ can only be i.p. 
Let s > 2. Then r > 2 and gq is even since }; and ¢; are integral. If r2 s, 
we may set g = 2*"'k (k = 0 or 1), have c;= 2'-**(2**-*k?— 2°t*-1k + 275), 
keven,k =0,r =sandj=1. If r <s, we may set g = 271+ 2°"'k (k = 
0 or 1),a= 4{ k8+-(4j — 1)2**-**} which cannot be an integer. Thus there 
are no solutions in the case with ¢; i.p. unless “; is even and j is odd, and 
then g, r, and s are uniquely determined. 

From this, (44) readily follows, and then by taking r + s = 1%, also (46). 

In Linnik’s application to proving that (under certain conditions) a large 
number is represented by each class of a ternary genus, it was assumed that m 
is prime to the determinant d of the genus. The determinant of the binary 
quadratic form ¢ = kd:, which is to be represented by a ternary form of 
determinant d? happens to be of the form b,= m — qk, where q, is an integer 
and k is the divisor of ¢. Hence the assumption that m is prime to d implies 
that k is prime tod. To fill the gap in Linnik’s proof it therefore suffices to 
prove the following theorem. 


THEOREM 5. Consider a representative set of forms fi,..., f, with integral 
matrices of a given non-zero determinant d, and an integral binary quadratic form 
@ = kd; (1 p.p. or i.p.) of determinant b,= k®A, where k is prime tod. Let h* 
denote the largest square factor common to k and A. Let p denote the number of 
sets of representations of by f:,. . . ,f, such that the divisor of the representations 
isk. Then for any positive e, there exists a constant q, depending on ¢ and d, but 
independent of b, and , such that 


(48) p < gh(bi)’. 
Proof. The condition of primitive representation is, as in (26), 
(49) b’ky? — 2t'kike+ a’k.? = — d (mod Jj). 


Hence the divisor k of ¢ = a’x*+ 2t’xy + b’y* must divide d. If k is prime to 
d this implies that k = 1. Accordingly, the representations of divisor k of the 
form @ = k¢; by ternaries of determinant d are associated with primitive 


=—- = = 4A het 
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representations of forms which are properly or improperly primitive, and which 
represent —d modulo A, where A = |¢,|. The theorem is therefore a conse- 
quence of the following three lemmas. 


Lemma 7. Letb,= II p/* express b; asa product of powers of distinct primes. 
i=1 


Then the number of divisors of b;, namely I1(8;+ 1), is 0 (b:*) for every positive «. 
Hence, 2° = 0(b;*) and 5” = 0(b;‘). 

Proof. See [14]. 

LemMA 8. If a’, t’, and b’ are relative prime, the number of solutions K 
modulo B, of (49) does not exceed 4d.2”, where v denotes the number of distinct odd 
primes dividing by. 

Proof. If {a’, 2t’, b’| is i.p., then b,= a’b’— t” is odd, and the prime 2 does 
not affect the result. Hence for any prime p dividing b;, @ can be given the 
residue m,x;>+ p“*m2x.? (mod p*), where m; and mz; are prime to p and * is 
the precise power of p dividing b;. Then (49) becomes p*mk,?+ mke= — d 
(mod *), for each p*. Hence k; has p* values modulo p’, or 5; values modulo by, 
and this is cancelled by the factor b; due to Lemma 5. Also kz can have at 
most 4p’ residues modulo p* if p*|d and p*+* does not divide d, and p™|p*; 
and at most p'#*! residues modulo p* if p*\d. 


LemMA 9. The number of systems of values r, s, q for which the form ¢' in 
(29) is primitive modulo p, but such that r + s = u;, does not exceed 5(u,+ 2)p", 
where p* denotes the precise power of p dividing h (cf. last statement of Theorem 4). 
This holds true for p = 2, with o' given either by (29) or (47). 

Proof. We follow the steps in § 8, dropping the condition that ¢’ represent 
— dmod p, and noticing whether the statements are valid also for p = 2. The 
number of systems r, s, g satisfying r + s = u, and (30), or (31), is at most 1. 
From (32) are derived if p is odd less than 2(u,+ 1) values 7, s, g, indeed 26, 
values if u;= tu, none if u,< wu. If p = 2, (32) gives at most four values q: 
mod p*~', hence at most 2(#:-+ 1) values 7, s,g. We have (33) (a) as before, 
with at most p’— 1 systems r, s, gif 4u2< u1< ue, zero otherwise. In (33) (b), 
if 2s = ue, we replace 6 by p — 1 (taking q, arbitrary), and thus obtain at most 
(p — 1)p’-" systems, 7, s,g. If 2s > wu, the number of systems obtained is at 
most twice that obtained earlier, hence at most 2(u,;+ 1)(p — 1)p*"._ In (33) 
(c) we may replace m; by 1 and have at most p':— 1 if u1< 4us, p’— 1 if Jue< 
u;< U2, —in both cases p’— 1. The sum total does not exceed 2(u:+ 3) p’. 

The factor for p = 2 due to case (47) remains to be considered. The pos- 
sibility a, and b; even, c,; odd, with r + s = 1, is easily seen to be contra- 
dictory. Ifa,is odd, thenr = 4$(u:+ 1),s = u:— r, and since }, is an integer, 
q has 2 residues modulo 2*. Finally, consider a; even, b; odd. Sincer + s = u, 
1 — 2'-"g is odd. There are 1 + [u;/2] values g,7, s withg = 0. If ¢g #0, 
we may set g = 2‘g:, must have s > t 2 r, while 

cy= {(2'-rHg — 1)?+ 47 — 1}/2-7h, 
Thus 2*-**1g,—1 has at most two residues mod 2*~’, and hence g has at most 
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four residues mod 2*. Thus there are at most 4(u,+ 1) complexes g,7,s. The 
total due to (47) does not exceed 5(u;+ 2). 


9. Adjoint representations. Gauss, Smith, and Minkowski used a some- 
what different algorithm from that which we have described in the preceding. 
They made use of the case k = 1 or m — 1 of a correspondence (which will here 
be simplified and generalized) between the primitive representations of a form 
@ in k variables by a form f in m variables, and the primitive representations 
of a certain related form y in m — k variables by the adjoint of f. 

Certain aspects of their treatments are superfluous, as for example the 
insistence upon dealing with integral forms, and this fact hides the essential 
simplicity of the correspondence. Indeed, the forms ¢ and y, f and adj f, are 
also in a certain measure superfluous, and the correspondence is basically one 
between adjoint representations described as follows. 

Consider (S; S:)‘=(T, T:)~, where (T; T:) is unimodular. If T2 is replaced 
by any complement 7,H + 7;2U of T, then T~ is replaced by 


(50) i T: [li H y" fh -au-71 Ss.) _ fsi- ah 
0U ~ LO Uj S's] U-S", 
and hence S; is replaced by S:(U')~*. Similarly, if S; is replaced by any left 


complement S,V + S.J (V unimodular, J integral) of S:, then T; is replaced 
by 7,(V")~. Thus the two aggregates of representations 7,V and 
S:U, where V“*»® and U‘*-*+*-® are arbitrary unimodular matrices, are 
adjoint to one another in the following sense. For any U and V, 7,V hasa 
right complement T:, and S;,U has a left complement S; such that (S;S,;U)™= 
(T:V T:)'. Only the matrices T;V and S,U arise from one another in this 
manner. 

Consider now (10) and (11). If 7: is replaced by any complement 7,;H + 
T2U of Ti, Dz is replaced by the equivalent matrix U-'D,(U")™. This coin- 
cides with D, if and only if U" is a unimodular automorph of D2. Similarly, 
if S; is replaced by other complements, 7; is replaced by T,(V")~, and this 
is a representation of B, by A if and only if V" is a unimodular automorph 
of By. 

It follows that there is associated, with the ensemble of primitive repre- 
sentations (7, V) of B, by A (where V runs through all unimodular automorphs 
of B,), in a unique manner an ensemble of primitive representations (S,U) of 
D; by adj A (where U ranges over the unimodular automorphs of D2); and 
conversely. 

Representations of non-equivalent matrices B, and B’; by A cannot be 
associated with the same ensemble of primitive representations of D, by C, 
since the replacement of S, by other complements of S,U replaces B; by an 
equivalent matrix. 

If B, is replaced by an equivalent matrix Z'B,Z (Z unimodular), and T; by 
T,Z, the matrices S,U are unaltered. Thus, corresponding primitive repre- 
sentations of Z'B,Z by A are associated with the same representations of D, 
by C as are those of B; itself. 
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Since at least one minor determinant of order k in 7; is not zero, 7, V= 7, V’ 
implies V = V’. Hence as V ranges over the unimodular automorphs of By, 
the matrices 7; V are distinct; and similarly for S,U. 

If k = nm — 1, and A and B, are integral, then D, is an integer d,, and B, is 
an integral (m — 1)-ary matrix of determinant d,. Hence all the primitive 
representations of d; by C can be obtained by choosing one matrix B, from 
each of the finite number of classes of determinant d2, and constructing the 
primitive representations of 7, of each such B; by A. The number of 
ensembles of primitive representations (7, V) will now be exactly equal to the 
number of primitive representations of d, by C, since a unary D, has only one 
unimodular automorph. 

Gauss, Smith, and Minkowski made use of this correspondence to reduce 
the problem of representing numbers to that of representing (m — 1)-ary forms. 

It should be observed, finally, that in general, for a given A, a correspon- 
dence can be set up between ensembles of primitive representations of a set 
of non-equivalent matrices B,“” (i = 1,..., 41) by A, and a set of non-equi- 
valent matrices D, (j = 1,...,h2) by adj A. As noted in (14), the deter- 
minants satisfy d= b,a"~*~'; and the matrices D, satisfy adj G = b,"~*~*D,, 
with B, one of the B,‘”, and 6;"'G the matrix obtained by completing squares 
with reference to B, in B. The corresponding sets of matrices can be deter- 
mined precisely in particular cases. 

Thus, for example, ifm = 3, A = C = I,k = 1, and }, is a positive integer, 
the matrices D,“’ are representatives of the s classes of the genus described 
in § 6, and each such matrix has 24.2”/u ensembles of primitive representations 
by adj A, if we assume that }:# 0, 4, 7 mod 8. Hence, as before, the number 
of primitive representations of b, by x*+ y’+ 2 is equal to s 24 2”/u. Thus, 
the representations of 2x,?+ 2x1%2-+ 2x2? as (@ix1+ b1%2)*+(Gex1+ Dex2)*+ 
(a3x1+ b3x2)* will be found by trial to be 48 in number, and since this binary 
form has six unimodular automorphs they comprehend 8 ensembles,—corres- 
ponding to the 8 representations of 3 as a sum of three squares. Similarly, it 
may be verified that 2x,?+ 2x:x.+ 2x,* has 48 representations by x*+ y’+ 
2’*+ 2w*, comprehending 48/6 = 8 ensembles; and that these are associated 
with 16 representations of x;°+ 6x,’ by 2x*+ 2y’+ 22°+ w*, hence 16/2 = 8 
ensembles. 


10. The alternative algorithm based on the adjoint form. The method 
used by Gauss, Smith, and Minkowski differed from ours in one further respect. 
What they did (in the case k = n — 1) was, essentially, to construct the adjoint 
matrix D in (11) rather than B. 

If T: is replaced by any complement 7,H + T2U, D is transformed by 


I APY _ I; 0 
0 U ~ L=(U)7 ma" Ut)’ 


and hence D, is replaced by U—D,(U")— and L by UL — U“D,(U")7H". 
If we choose a particular matrix D, in its class, (U")— (and also U") is re- 
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stricted to be a unimodular auto:aorph of D2, and L is replaced by U“L — 
DH". Thus the set of primitive representations (WT) of B; by A is assoc- 
ciated with a matrix D, and a complex of solutions L of the congruence 
(51) L" (adj D:)L = — a*~* adj B, (mod d:) 
Here, two matrices L and L’ are defined to be in the same complex of solutions 
of (51) if there exists a unimodular automorph U" of D2 such that U~ L and L’ 
are in the same left-sided residue class modulo D;. An equation similar to (25) 
can be formulated, it being necessary to confine attention to solutions L of (51) 
such that if D, is defined by 
(52) L" (adj D2)L + a*—* adj B,= d2D,, 
then the matrix D (formed as in the last member of (11)) is equivalent to one 
of adj A’,..., adj A™. 

The case k = n — 1 is particularly simple. Then D,= d.= };, adj D.= 1, 
and the only automorph U" of D, is 1. Congruence (51) becomes 
(53) L'L = — a adj B, (mod by), 
and two matrices L and L’ are in the same complex if and only if L = L’ mod 
b;. Accordingly, there is a 1-1 correspondence between the solutions L mod 6; 
of (51), such that the resulting matrices D are equivalent to one of the adj A‘, 


and the sets (WT)) of primitive representations of B, by the system of matrices 
A, 
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GRAPHS OF DEGREE THREE WITH A GIVEN 
ABSTRACT GROUP 


ROBERT FRUCHT 


1. Introduction. In his well-known book on graphs [1] Kénig proposed the 
following problem: “‘When can a given abstract group be represented as the 
group of the automorphisms of a (finite) graph, and if possible how can the 
graph be constructed?” 

To understand this problem well let us begin with the precise definition of 
a graph and its group (of automorphisms). 

A (finite) graph is a finite set of points or vertices A, B, C,..., and edges 
or arcs which join certain pairs of these vertices; i.e. for each pair of distinct 
vertices P, Q, there is given an adjacency number Ip,9= Ig, p such that 

= eo { 0, if the graph does not contain an edge PQ 

meG of n, if the graph contains n edges joining P with Q. 
To exclude “isolated” vertices Kénig postulates also that each vertex is the 
endpoint of at least one edge; i.e. for each vertex A of the graph there is at 
least another vertex Q such that J,4,9 # 0. (We will not consider the more 
general graphs—called by Kénig “‘Graphen im weiteren Sinne’’—where an 
edge may have two coincident endpoints, i.e. where also adjacency numbers 
Ip, p exist, some of them having the value 1.) 

The group of automorphisms of a graph, or shortly the group of a graph, 
may then be defined as the set of all the mappings of the graph into itself, i.e. 
of all the permutations of the vertices and edges which preserve incidence- 
relations. 

An equivalent, but more algebraic definition of the group of a finite graph 
may be given for the more restricted class of the graphs having no pairs of 
edges forming a closed circuit; in such graphs any two vertices are either ad- 
jacent or “‘neighbours’’—and in this case there is just one edge joining them— 
or not adjacent. For this more restricted class of graphs where the adjacency 
numbers only can be 0 or 1, the following definition of their group may be given: 

Let to every vertex P; of the graph correspond a variable x;; then the graph 
will be fully described by the quadratic form >" Ip;, p,xiXx, and the group of the 

i<k 
graph will be nothing else than the group of all the permutations of the x; 
which leave that quadratic form unaltered. 

Returning now to Kénig’s problem, it might be stated more concisely in 


the following terms: Given any finite group § find a graph G whose group is 
simply isomorphic to $. 
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It has been shown by the author [2] that this problem has always a solution 
by giving for any group § of order h > 1 the construction of a graph with 
2h*— h® vertices; this number may be reduced to h(m +1)(2n + 1), when one 
knows m elements of the group § which generate the whole group. For the 
case h = 1 the author gave in the same paper an example of a graph with 7 
vertices; later on Kagno [3] succeeded in finding a graph with only 6 vertices 
which has no non-identical group. 

It is obvious that for some special groups there are also graphs with fewer 
vertices than h(n + 1) (2m + 1); e.g. for the symmetric group Sy with kh = N! 
and m = 2, we have a graph with only N vertices, namely the “complete 
N-point’”’ in which any two distinct vertices are joined by an edge. 

But it turns out that also in general the number of vertices needed by the 
author in his former paper for the construction of a graph with given abstract 
group is rather excessive, and the main object of this paper is to give a new 
solution of Kénig’s problem by a graph with fewer vertices and fulfilling also 
the additional condition of being “regular of degree 3”’ or “‘cubical.”’ 

As to the last condition it must be remembered that degree of a vertex A 
is called the number of edges having one of their endpoints in A, i.e. the sum 
>-I,4. p, where P runs through all the vertices of the graph; and when all the 
P 


vertices of a graph are of the same degree r, Kéniy call ‘ne graph ‘regular of 
degree r."" Recently the graphs which are regular of ucgree 3 have been called 
“cubical’”’ by Tutte [4], and we will use this shorter name too. The outstanding 
interest these cubical graphs deserve in the theory of graphs seemed to us to 
justify a study of Kénig’s problem for this special class of graphs, and the 
rather surprising result (Theorem 4.1) was that in spite of this new condition 
of regularity of degree 3 there is always a cubical graph with only 2h(n + 2) 
vertices whose group is simply isomorphic to a given abstract group of order 
h > 2 and generated by n of its elements; for h = 1 or 2 there are cubical 
graphs with 12 or 10 vertices respectively (Theorems 2.3 and 2.4). 

Also in the case of cubical graphs it cannot be claimed that 2h(m + 2) ver- 
tices are always necessary, since for some special groups cubical graphs with 
fewer vertices are known; e.g. the “complete 4-point”’ for the group S, (h = 24, 
n = 2), Petersen's graph [5] with 10 vertices for S; (kh = 120, m = 2), Kagno’s 
graph [6] H17 with 6 vertices for the dihedral group of order 12, etc. 

The same general principle underlying the construction of a cubical graph 
may also be slightly modified to give a new solution of Kénig’s problem in its 
primitive form (i.e. without postulating that the graph be cubical); instead of 
h(n + 1)(2n + 1) the number of vertices needed for the construction will now 
(Theorems 3.2 and 4.2) be: 2hn for non-cyclic groups, and 3h for cyclic groups 
(n = 1) of order h > 3; if h = 3 it seems that a tenth vertex is indispensable. 

Finally it must be emphasized that Kénig’s problem has been interpreted 
here in the sense that only simple isomorphism between the given group and 
that of the graph is required. If the given group is a permutation group $y 


Se a 
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on N symbols, there would be also the problem of finding a graph with the 
same number N of vertices, and whose group is identical with By. However 
this more difficult problem has not always solutions; e.g. Kagno showed [6] 
| that there are no graphs when $y is a cyclic or an alternating group (N > 3), 
and gave for N < 6 a complete list of all the cases where a solution exists. It 
| seems that the general case (N > 7) of this problem has not yet been treated. 


) 2. Types; cubical graphs with groups of order 1 and 2. In this section 
. we are only dealing with cubical graphs having no adjacency number > 1. 

We begin with the introduction of the notion of the “type” (x, A, u) of a 
} vertex; this notion will prove to be useful in the investigation of the group of 
a cubical graph. 




















> 

E H 

' 

} A 

\ ‘ D ‘ 
J 

' 

( G F 

Fig 1 Fig. 2 

In a cubical graph without adjacency numbers > 1 any vertex P has 3 


distinct neighbours, say P;, P:, P;. It may happen that there is no closed 
i polygon or »-circuit that contains the two edges PP; and PP;; then letx =o. 
} (Here a closed polygon or »-circuit is defined as a set of » edges, A1A2, A2Asz, 
A;3A4,...,A,-1A,, A,A1, such that no two of the »v vertices A1, As, Az,...,A, 
coincide.) Otherwise there will be one or more closed polygons containing the 
edges PP; and PP2; then let « be the least value of v for which such a »-circuit 
exists. In an analogous manner define \ for the two edges PP; and PP3, and 
| u for the two edges PP, and PP;. Of course, since the enumeration of the 3 
} neighbours of P was arbitrary, we always may suppose that ex < A < uw. Then 
the number-triple (x, A, u) will be called the type of the vertex P. 
As an example consider the cubical graph of Figure 1 which can be drawn 
f in the plane; it has 12 vertices (and hence 18 edges). Let us begin with deter- 
| mining the type of A. This vertex is endpoint of the edges AB, AE, and AM. 
The pair AB, AE occurs in the 4-circuit AEFBA (but in no »-circuit with 
v<4); the pair AE, AM occurs in the 7-circuits AEFBCDMA and AEGHK- 
LMA, but in no closed polygon with fewer than 7 vertices; finally the pair 
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AB, AM iscontained in the 5-circuit ABCD MA, but in no p-circuit with » < 5. 
Hence the type of the vertex A is (4, 5, 7). 

In an analogous manner the following table of types for each vertex of the 

graph of Figure 1 was obtained: 
(4, 5, 7) 
(4, 5, 6) 
(5, 5, 6) 
(3, 5, 5) 
FF ie (3, 4, 5) 

a aa 
Beene Ms «is s « GOS 

The usefulness of this notion of type results from the following two theorems 
(whose proof is obvious): 

THEOREM 2.1. A necessary (but not sufficient) condition that a vertex P of a 
cubical graph may be taken into another vertex Q by a permutation belonving to the 
group of the graph is that P and Q are of the same type. 

THEOREM 2.2. If for some 3 numbers x <  < yu there is in a cubical graph 
just one vertex P of the type (x, , u), then P is left fixed by each permutation 
belonging to the group of the graph. 

As an application of these theorems we are now going to prove the 

THEOREM 2.3. The graph given by Figure 1 has a group of order 1. 

Proof. Let 7+ be any mapping of the graph into itself. According to Theorem 
2.2 the vertices A, B, C, and D are left fixed by r. The Theorem 2.1 does not 
exclude the possibility that the vertex E could be changed into F by r, but it 
is easy to see that such an interchange of E and F is not possible, as E is a 
neighbour of the invariant vertex A, but F is not. Hence also E£ is left fixed 
by tr, and F too. This last vertex has the neighbours B, E, and G, but since 
B and E are left fixed by r, alsoG is. Of the same type as G is only the vertex 
H, but as we already know that G remains invariant, also H must be left fixed 
by r. As to the 4 vertices of type (3, 5, 6) it is easy to see that J is left un- 
changed by 7 as the only common neighbour of C and H; K as the only common 
neighbour of H and J; L as the only common neighbour of D and K;; finally M 
remains fixed, because all the other vertices of the graph are left unchanged 
by r. Thus 7 does not change any vertex, and as r was any mapping of the 
graph into itself, it has been proved that the group of this graph consists only 
of the identity. 

As another example of the use of types let us consider the cubical graph of 
Figure 2; it has 10 vertices (and 15 edges). We will now prove the 

THEOREM 2.4. The graph given by Figure 2 has a group of order 2. 

Proof. Here we have the following types: 


Amboawe 


Riven «...s« Beas 
res. i's « re 
fet iow se a % « = Te 
Oe «4« «0s Be 


ae ek he ae ek 
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It is obvious that this graph admits (beside the identity) the following per- 
mutation of order 2: 


= 64 a34 75901 
BADCFEHGKJ 
Let r be any mapping of the graph into itself; we must show that r is either 
¢ or the identity. Let us distinguish two cases: 

Case 1: + leaves the vertex G unchanged. Of the same type as G is only 
the vertex H which in this case must be left fixed too. The 3 neighbours of 
the fixed-point G, namely A, F, J, are of distinct types; hence they cannot be 
permuted among themselves by r, but must be left fixed too. The same con- 
sideration for the neighbours of H shows that the same is true for B, EZ, K. 
Finally C must be left fixed by 1, as it is the only common neighbour of the 
fixed-points A and E; and D remains fixed, as it has ‘‘no other choice.”” Hence 
in this case r is the identity. 

Case 2: + interchanges G and H. (According to Theorem 2.1 there are no 
other possibilities.) Then consider the “product” re, i.e. the mapping r fol- 
lowed by the mapping o defined above. Since r takes G into H, and ¢ changes 
H into G, the product ro leaves G unchanged. Applying the considerations 
of case 1 tore (instead of +r) we see that ro must be the identity; hence 
r=¢'=4g. 

It would be easy to see that another graph with 12 vertices and group of 
order 1 (but different from that of Figure 1) might be obtained from that of 
Figure 2 by joining the mid-points of the edges AG and CJ by an edge. 


3. Cubical graphs with cyclic groups. 

THEOREM 3.1. Jf $ ts the cyclic group of order h> 2, there is a cubical graph 
with 6h vertices whose group is simply isomorphic to . (For the case h = 2 see 
Theorem 2.4). 

Proof. Let h >2. The quadratic form in 6h variables a;,b;, c;,d;.e;.f; 
eS eee 


h 
DX (aidbit apeit aifit dDicst cedit Cifit exfi) 
i=1 

h-1 


+ DL (djeinirt djdjzs)+ brert did, 
j=l 


defines (see introduction) a cubical graph with 6h vertices (which will be 
indicated by the same letters a;, bj, etc.); it has to be shown that its group is 
simply isomorphic to the cyclic group of order h. 

In Figure 3 this graph is given for the case h = 5; in this case the types of 
the vertices are (always for i = 1, 2, 3, 4, 5): 


PE acs elm <4 ayo «ee 
li et wit dia Le ce ig) A 
ae a ee ae eee | Oe 
es ides, ahhh Qk ae de> ak oe. 
Sa ae a ee Ss 
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In the general case of anyh whatsoever the types would be the same except that 
of the vertices d; which"would be (h, 7, 7) or (7, 7, h) if kh < 11, and (7, 7, 11), 
if hk > 11. 

It is obvious that any cyclic permutation of all the suffices does not change 
the graph; we must therefore only show that any mapping r of the graph into 
itself is either the identity or some cyclic permutation of all the suffices, i.e. 
some power of the permutation w which changes each a; into a;4; (except a, 
which is taken into a;), each }; into bj,; (except b, which is changed into 
bi), etc. 








Fig. 3 


In the proof we may distinguish two cases: 

Case 1: + leaves b; unchanged. Since the neighbours of b;, namely ai, ¢:, 
é2, are of distinct types, they cannot be permuted among themselves by 7, and 
are left fixed. The same argument holds for the neighbours of a, leading to 
the conclusion that also e; and f; remain unaltered. Hence, since two of the 
3 neighbours of the fixed-point c:, viz. b; and f;, do not change, also the third, 
d,, must be left unchanged by r; and the same is true for b,, the third neighbour 
of e; (beside a; and f;). Now the same chain of considerations may be repeated 
for the vertices with subscript h, leading to the conclusion that they remain all 
unchanged by 1, and b,_, too. Then the same considerations may be repeated 


so 


~~ 
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~~ 
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for the vertices with subscript h — 1, etc., until the final conclusion is reached 
that no vertex is changed by 1; thus + is the identity in this case. 

Case 2: If + changes b; into some other vertex, according to Theorem 2.1 
(and the list of types given above) that other vertex must be a 5; too (i = 2, 
3,4,...,h), say 6;. But there is also the mapping w’ which takes }, into b; 
(as w changes 5; into b;,1); hence the product r(w’~') * leaves 6; unchanged and 
is therefore the identity (see Case 1); that means that r = w~"'. 

Having thus proved the Theorem 3.1, it may be remarked that a graph with 
fewer vertices than 6h can be found, when we remove the restriction that the 
graph is to be cubical: 


THEOREM 3.2. If § is the cyclic group of order h > 3, there is a graph with 
3h vertices whose group is simply isomorphic to ©. 

If h = 2, there is of course the graph consisting only of two vertices joined 
by one edge. The case h = 3 seems to be exceptional, as I did not succeed in 


finding a graph with 9 vertices (or fewer); one with 10 vertices is given by 
Figure 4. 





Fig. 4 


Proof of Theorem 3.2. Let xj, yi, 2: (¢ = 1, 2,..., h) be 3h variables, and 

consider the graph defined by the quadratic form: 

a h-1 

x (xivit ¥iBi)+ u (xjxjzit 2jXj41)+ Xixat Mitat 2, 2p 21; 

‘= j= 
for h = 5 see Figure 5. In this graph each vertex x; is of degree 4, each vertex 
yi is of degree 2, and each vertex 2; is of degree h +1. The proof that the 
group of this graph is simply isomorphic to the cyclic group of order h (if 
h > 3) is very easy. 

Case 1: If any mapping r of the graph into itself leaves x, unchanged, it 
must leave fixed also yj, the only neighbour of x; having degree 2; hence + 
leaves unchanged also z;, the other neighbour of y:. Now 2; has only one 
neighbour of degree 4, namely x2, which must be left fixed too, etc. Going on 
in this way it is easily seen that r is in this case the identity. 
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Case 2: If + changes x; into another x; (and there are no other possibilities 
if h > 3), then the product r(y’—) * will be the identity, when 7 is the sub- 
stitution changing each x; into x;4:, each y; into yi41, each 2; into 2:4, (being 
understood that for i = h the subscript # + 1 is to be replaced by 1). 


23 











Fig. 5 


As a final remark on Theorem 3.2 we wish to emphasize that there may 
be graphs with still fewer vertices than 3h (at least for certain values of h > 3). 
This is readily verified when the order of the cyclic group is not a prime nor 
a prime power. Eg. let h = p*¢’ (p and q being distinct primes); since §, 
the cyclic group of order h, is then the direct product of a cyclic group of order 
p* and another cyclic group of order q¢’, and since these groups have (according 
to Theorem 3.2) graphs with 3p* and 3¢° vertices respectively, these two 
graphs together form a (not connected) graph with only 3(p*+ q°) instead 
of 3h = 3p*¢’ vertices and belonging to the same group . (By adding 9p*¢ 
edges between each vertex of the one component and each of the other, also a 
connected graph with the same number of vertices and the same abstract 
group could be obtained.) 
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4. Cubical graphs with non-cyclic groups. 


THEOREM 4.1. If § is any finite group of order h = 3 which may be gener- 
ated by n of its elements, then it is always possible to find a cubical graph with 
2(m + 2)h vertices that has a group simply isomorphic to ©. 

Proof. If m = 1, the group is cyclic, and the Theorem 4.1 is only a re- 
statement of Theorem 3.1. 


If nm > 1, let the elements of the given abstract group § be enumerated as 


follows: let H), be the unit of the group, and Hi, He, H;,.. .,H, the n elements 


generating the group; Hn41, Hanis, . . . , Ha—1 will be the other elements of 9. 
XH, X54 XS, H, XH, 
* e « = 












XH 





XH, 





X4, Hy 





XH, XS, Hy SH, MH, 


Fig. 6 


To obtain a cubical graph with a group simply isomorphic to § let us intro- 
duce (2m + 4)h variables xi, 4, (where the first subscript is a number i = 1, 


2,...,2n + 4, and the second is an element Hi, of the group, k=1,2,..., h). 
Let us use the abbreviation Qj; for the “‘scalar product”: 
h 


Qi= 2 Mite Xie te . 











374 ROBERT FRUCHT 


Then consider the quadratic form 
Q = Qut Qut Qu+ Qest+ Qat Qu+ Qse+ Q4, on4at Qert Qrs 
+ Qsot- +--+ Qenss.ongat S, 


where S stands as an abbreviation for 
h 
S => (xs,7,%6,8,H,+ %7,0,%8, HoH, + * “+X2n4+3, 8, %2n4+4, 8,8) 


It is easy to see that each variable x;,q, appears in Q just 3 times; hence 
the quadratic form Q defines a cubical graph G with (2m + 4)h vertices. We 
give it in Figure 6 for the example of the direct product of two cyclic groups 
of order 2 (kh = 4, m = 2), ie. the group with the following multiplication 
table: 

H, Hz Hs Hs 

Hy, H, H; Hz MW 
H, H; H, Mm Hz 
H; H, Hi Hy Hs 
Hi, H, Hz Hy My 








(Of course for the construction of the graph only the first two lines are needed, 
as m = 2). 


Xt,H; XS, Hy 





0 X64? 









fo X5,Hp, 


to X9 HH, 





to x7 Ha" 


8, H, 
Fig. 7 


For the more general case of any group generated by m = 2 elements we 
give in Figure 7 only a “corner” of the graph G, namely the vertices corres- 
ponding to the variables x;, 7, (with the second subscript equal to Hi). 

The proof that the graph G defined by the quadratic form Q has a group 
simply isomorphic to the given abstract group § may be divided into two 
steps: firstly it has to be shown that G admits A different mappings into itself 
which constitute a group isomorphic to §; in the second place it must be proved 
that there are no other mappings of G into itself. 


t 
f 
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ee 
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First step: It must be shown that there are fh different permutations o:, 
o2,...@, Of the variables x;, 7, constituting a group simply isomorphic to 
and leaving the quadratic form Q unaltered. This is not difficult, as these 
permutations may be given explicitly by the formula 


Xi, HE : 
eum ( ). (¢=1,3,...,98+4, 4 = 1,3,...,8) 
~i,HpHm 
where m runs through 1, 2,...h. It is obvious that o;, o2,.. . , e, constitute 


a permutation group simply isomorphic to §, and it is also readily shown that 
each om leaves the quadratic form Q unaltered. Indeed it is easy to verify that 
each om leaves unchanged each of the (2m + 6) quadratic forms Q;; which 
appear in the formula given above for Q, since ¢, changes Qj; into 

n a 

2 Xi Hem 25. Him ef %i,ay*ji,Hy = Qi 


as with H;, also H,H,,= Hy runs through the whole group . Similarly it 
can be shown that also each of the sums E masts. 221-6. Hat vee 
(whose sum equals S) is left unchanged by om. Let us verify this e.g. for the 
second sum: 2, *1,4,%8,H,H,- Itischanged by ¢» into p> X1, Hp *8, HoH Hm? 


i.e. it remains unchanged, as with H; also the product H,H,, runs through 
the whole group. 


Second step: It remains to be shown that amy mapping r of the graph G into 
itself coincides with one of the h permutations o, o2,. . . , oA. 


For the sake of simplicity we will give this part of the proof only for the 
case n = 2, but the reader will easily see that it might be likewise given for 
any m > 2; however it would be still more tedious than for n = 2. 


With the aid of Figure 7 (and of Figure 6, when H; or H; are elements of 
order 2 in the group §) the following types are found for the vertices x;, 7, of G: 


ig, amd%2n,--. - - (3,4, 5) 


§( 4, 6, 7) if Hy is not of order 2 
i L¢ 4, 6, 6) if H, is of order 2 


%4,Hy ae ae oe ( 3, 6, 7) 
j( 4, *, *) if Hi is not of order 2 


X3,Hy 


*6, Hy \( 4, 6, 8) if Hy, is of order 2 

§( 6, *, *) if Hi, is not of order 2 
*6, Hy * \( 6, 6, 9) if Hi, is of order 2 

‘\ 6, *, *) if He is not of order 2 
*1, Hy * ( 4, 6, 8) if H, is of order 2 

§( 6, *, *) if He is not of order 2 
%8, Hy * \( 4, 6, 8) if H, is of order 2 
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and the same values would hold for the other vertices x;,7, (k = 2,3,..., 4). 


(The stars stand for higher values than those given for generating elements 
of order 2.) 
Since the only vertices of type (3, 6, 7) are x4,47,,%4,H9,- ++» %4,H,, these 


can be only permuted among themselves by any mapping r of the graph into 
itself. 'We must now distinguish two cases: 
Case 1: 1 leaves x4,4, unchanged. In this case we wish to show that 


Tt = o;, (identity). To this purpose let us consider in the first place the vertex 
Xs,4,- (If m > 2 we should begin with x2,44,4,). It must remain fixed too, 
as the other two neighbours of x4, 47, (viz. x1, 7; and x2,4,) have other types. 
Can these two neighbours of x4, 4, be interchanged by r? It is true that they 
have the same type (3, 4, 5); but x2, 4, has a neighbour of type (4, 6, 6) or 
(4, 6, 7)—namely x3,,,—and x,,z, has no such neighbour. Hence x:,4, 
and x2, 7, cannot be interchanged by r, and therefore must be left fixed. The 
same will then be true of their “third neighbours” x3,,, and xs,q,, and of 
X6,4, as the third neighbour of x3,4,. Finally x7,_, must remain unchanged 
as the only common neighbour of the fixed-points x6, 7, and x3,4,. (If m > 2 
this part of the proof would be still longer, because it ought to be shown 
analogously that the whole “chain” x6, 7,,%7,44,%8,Hy - - - »%2n+4,H, Temains 
unchanged). 

Hence all the vertices x;, 7, (with the second subscript H;) are left fixed by r. 
But xs, 4, has the third neighbour xs, 7, which must remain unchanged too, 


and by a reasoning similar to that given above it will follow that also all the 
vertices x;, 7, (with the second subscript H,) are left fixed by r; the same will 


hold for all the vertices x;, 7,#,, since x7, 7, has the third neighbour xs, 7,z,, etc. 


Going on in this manner until all the vertices of G are recognized as fixed, it 
will be possible to show that (in the case considered here) r is the identity. 


Case 2: 1+ maps x4,4, into some other x4,4, (r # 1). Then the multipli- 
cation table of the group § will always allow us to find a subscript s such that 


H, = H;"#H;; 
then the permutation 
( Xi, Hy, ) 
o¢, = 
Xi, HyHs 
will take x4, 4, into x4,7,H,= 4,4,, and o,', the inverse permutation of o,, 


will change x4,4, into x4,4,- Hence the product re, will be a mapping of 
G into itself which leaves x4,7, unchanged, and (according to the result ob- 
tained in the foregoing case 1) must be the identity: r¢,"'= o,. Hencer = o,. 

Having thus finished the proof of Theorem 4.1, it should be remarked that 
in the case of some special groups fewer than (2m + 4)h vertices may be needed 
to obtain a cubical graph whose group is simply isomorphic to a given abstract 





a 


oe Ee 





GRAPHS WITH A GIVEN ABSTRACT GROUP 377 


group §; e.g. for the direct product of two groups of order 2 our theorem gave 
us the cubical graph of Figure 6 with 32 vertices, but to the same abstract 
group belongs also the cubical graph of Figure 8 with only 8 vertices. Other 
examples were already mentioned in the introduction. 








Fig. 8 


A general reduction of the number of necessary vertices is however possible 
when we remove the condition that the graph is to be cubical. 

THEOREM 4.2. If S$ is a non-cyclic group of order h and generated by n of its 
elements, one can find a graph with 2nh vertices whose group is simply isomorphic 
to. (For cyclic groups see Theorem 3.2). 

This graph may be given by the following quadratic form in 2h variables 
Xin, (¢ = 1,2,..., 2m; k =1,2,...,h): 

» 
De (#1. 2. t X2,4,%3,H,+- - -+ Xen—1, 7, Xn, H,) 


h 


+ p> (x1, 4,%2n, 4, + X2,H,%2n,H,t- » ++ Xon—2, 7, X2n, Hy) 
=1 


h 


+ 2 *1.48,%1.8,+ p> (%1, 4, %2, 4,8, +%s, 0, %4, HoH, t---+X2n—-1, 1, X20, HH): 
a<r = 


(The meaning of the H, is the same as above.) 

We omit the proof of Theorem 4.2, as it is similar to that of Theorem 4.1 
and can be readily supplied by the reader. 

As a final remark to the theorems of this section we wish to emphasize that 
the number of vertices we needed for the construction of a (cubical or general) 
graph with given abstract group of order #4 depends not only on h, but also 
on the number m of elements needed to generate the group. If we wish, how- 
ever, to obtain an upper bound for the number of necessary vertices depending 
only on the order h of the given group, we might proceed in the following way: 

Let h = p*d’r’. . . (where p, g, 7, . . . are distinct primes) ; then it can easily 
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be proved that it is always possible to generate a group of order h with 
nsa+8+y7+... elements; hence 
2"s 2*x 2°xK 2’x... s p*g’r’... = h, 
and 
n & log h/log 2. 
(The base of the logarithms does not matter of course; it needs only to be the 
same in numerator and denominator). Hence: 


THEOREM 4.3. To any abstract group of order h > 1 belongs a cubical graph 
with at most |2h(2 + log h/log 2)| vertices. 

In the same way it would be easy to prove the following theorem for non- 
cubical graphs: 


THEOREM 4.4. To any abstract group of order h > 3 belongs a graph with 
at most (2h log h/log 2] vertices. 
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FACTORIZATION LADDERS AND EIGENFUNCTIONS 
G. F. D. DUFF 


THE eigenfunctions of a boundary value problem are characterized by two 
quite distinct properties. They are solutions of ordinary differential equa- 
tions, and they satisfy prescribed boundary conditions. It is a definite advan- 
tage to combine these two requirements into a single problem expressed by a 
unified formula. The use of integral equations is an example in point. The 
subject of this paper, namely the Schrédinger-Infeld Factorization Method, 
which is applicable to certain restricted Sturm-Liouville problems, is based 
upon another combination of the two properties. The Factorization Method 
prescribes a manufacturing process. From one eigenfunction we can derive 
another by means of operators which are constructed directly from the differ- 
ential equation. Given a starting point, the operators can be applied repeat- 
edly to build up “eigenfunction ladders” containing all the solutions of the 
problem. The two requirements are thus automatically fulfilled by the process 
of construction. 

Further progress would be made by mechanizing the recursive manufac- 
turing process in the same way that the operators mechanized the fulfilment 
of the two characteristic properties. We shall show that this is actually pos- 
sible for a large class of problems, many of which are fundamental in Quantum 
Mechanics. 

The opeiator formulae we shall treat are first order linear homogeneous 
differential difference equations. A systematic exposition of the properties of 
such equations has recently been made available through the work of Truesdell 
[1]. The F-equation 


° F(s,e) = Fls,e +1) 
oz 


has been made the salient feature of his treatment, and a thorough discussion 
of solutions F(z, a) has been given. This theory provides a powerful tool for the 
formal manipulation of special functions. Relations of the form 


5 f0. a) = A(y, a) f(y, a) + Bly, a) fly, a +1) 


are discussed, and a “‘reducibility condition” on A and B is found, which allows 
this equation to be transformed into the F-equation. This reduction process 
is the key to the present treatment of the eigenfunction problem. We shall 
therefore use the Factorization Method to set up a framework directly from the 
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differential equation of Sturm-Liouville type. Then we shall show how the 
F-equation technique leads directly to explicit formulae for the eigenfunctions 
of every physical problem tractable by factorization. The complete solutions 
are found without reference to any theory of the special functions involved, 
or to the classical methods for the solution of differential equations. 


1. Factorization ladders and the reducibility condition. The Factoriza- 
tion Method replaces the second order equation 


(1.1) u’’+ r(x,m)u + ru = 0, ese @ 264 1,3... 


and its associated boundary conditions, which we shall always take as 


(1.2) u(a)= 0, u(b)= 0, | wax = |, 

by a system of two first order equations 

(1.3a) fee, m-+1)— - um) = A™*u™*(x) 
(1.3b) fr, m+ 1)+ “ \uimt(x) = A;™tu)"(x) 


where u,;", u;"*! are contiguous eigenfunctions belonging to the eigenvalue 


N= LU +1),1=0,1,2...; 
(1.4) Ay™ = [L(l+1) — L(m + 1)}' 


is a constant which vanishes when m = /, and so provides a convenient starting 
point. We will show that, given a normalized starting point, we can use the 
recurrence formulae (1, 3) to generate other eigenfunctions, a certain number 
of which will also be normalized. 

THEOREM 1. Suppose that corresponding to m = / or 1 + 1 there exists a 
normalized eigenfunction 


(1.5) C +f 5,k(, I+1)dr 
ovo é ° 


Then for neighbouring integral values of m there exist normalized eigenfunc- 
tions given by (1.3), provided that the corresponding constants A,” are real 
and different from zero. 

The proof falls naturally into three stages. First we note that the starting 
solution vanishes at the endpoints. Suppose that its zero of lesser order is 
of order p 2 1. Now the manufacturing process involves operations of the 


type k(x, m) + * which can reduce the order of the zero at an endpoint by 
‘x 


one at most, provided that k(x, m) has no singularities more severe than the 
first order. We shall later verify that this is true for all the functions k(x, m) 
which are rational in m. Then, if |\m — 1\ < p, u;™ also vanishes at the end- 
points. If pis infinite, the ladder of eigenfunctions vanishing at the endpoints 
may be indefinitely long. 


~ 


~ ~~” 
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We see next that on the ladder so formed the normalization is preserved. 
Using (1.3) we have 


b b 
am (uy"*")*dx = | uj™ti ee m+ 1)— <] uy™dx 
a a x 


a 


b b 
x a 


provided that the product u;"u;"*' vanishes at a and b. 
when the non-zero factor A,” is cancelled. 

With this result it is easy to show that the ladder cannot exist if L(/ + 1)— 
L(m) < 0 for any value of m on the ladder. The A,” are then imaginary, so 
that if «,” is real, u;"*' must be pure imaginary. Unless both are identically 
zero, the normalization condition above would equate a positive and a negative 
number. 


The result follows 


The two Corollaries which follow cover most of the particular cases we shall 
meet. 


CoROLLARY 1. If L(m) is an increasing function of m for m 20, then the 
permitted values of / and m are 


i= 0,1,2,3... 
m2=(O@0,1...1. 
We obtain a finite ladder of eigenfunctions u/°, u;'. . . u;', which will be called 
an Infeld ladder [2]. At the top of each ladder we have the starting point 
* k(v, 1+1)dy 
(1.7) u;' = ce “ 


CoroLLary 2. If L(m) is a decreasing function of m for m 2 0 then the 
permitted values for / and m are 
2. % ee 
SS 22 > Peer 
An infinite ladder is obtained for each value of 1. As Schrédinger used infinite 


ladders in the solution of the Kepler problem we shall refer to these as Schré- 
dinger ladders. In this case 


m 


—|* ki», Ddy 
(1.8) u;'= Ce Si. ; 


The solutions of (1.1) satisfying (1.2) are not necessarily the only solutions 
of physical interest. If the discrete spectrum function Z(m) has a maximum 
value, there may be a continuous spectrum for values of \ exceeding this value. 
A proof of the uniqueness of the discrete solutions here discussed can be given 
for the particular cases, but it involves an appeal to the indicial equation of 
Frobenius. 

We now derive the condition that the recurrence formulae be reducible to 
the F-equation. Both (1.3a) and (1.3b) are of the more general form 


(1.9) = fe m) = K(x, m)f(x,m) + A(m)f(x,m + 1) 
dx 











382 G. F. D. DUFF 


where A(m) does not depend upon x. This equation is easily transformed into 


é G aeKGomdae a m)| a Ame Rome G <eX rm + Dé° A, isl »| . 
x 
where AK(v,m) = K(v,m +1) — K(v, m). 


yd K *™ dy 
Suppose now that the coefficient A(m)e ae is the product of a function 
of x and a function of m; its two factors can be absorbed by redefining the 
dependent and independent variables of (1.9). Then we have 


log A(m) + '’ AK(v, m)dv = M(m)+ | K(x)dx. 


By differentiation, AK(»,m) = K(x) must be independent of m. Summing 
this difference equation, we have 

(1.10) K(x,m) = mK(x) + Ko(x), 

where K(x) and Ko(x) are arbitrary functions. We shall now show that this 
condition is necessary and sufficient that the recurrence formula (1.9) be 
reducible to the F-equation. For, when (1.10) is satisfied, and only then, 
may we define by the formula 


(1.11) om | Jatke, — 


a quantity z independent of m. If also 


m—1 — .|* v,m)dyr 
(1.12) F(s, m) = ( I Ai”) Pe teed EY 
the equation (1.9) becomes 
(1.13) s F(z,m) = F(z,m + 1), 
dz 


which is the F-equation. We have proved 

THEOREM 2. The reducibility condition for the Factorization Method is 
that k(x, m) be linear in m. 

The formula we shall actually use is, of course, not (1.13), but its n-fold 
iterate. 


THEOREM 3. Any solution F(z, m) of (1.13) satisfies 
(1.14) - F(z, m) = F(z, m +n) (n = 0,1,2...). 
At 


This quite trivial formula enables us to exhibit finite expressions for a large 
class of eigenfunctions. 

We turn now to the analysis by which the factorizable second order equations 
can be enumerated. Let us begin with the two adjoint linear differential 
recursion formulae (1.3), which are sufficient to characterize the eigenvalue 


a 





FACTORIZATION LADDERS AND EIGENFUNCTIONS 383 


problem completely. Eliminating either u;” or u;"*', we are led to the second 
order differential equation in one of the two forms: 


d S 
(1.15a) {hem + n+ 2h haem + »-4} u,"= {L+1)—Lim+1)} uy 


, dif ie.) of » oe 
(1.15b) fr, m) — st ‘ei m) + af %," = E+) — L¢m) cui. 


These two equations are the same, and we find in consequence the differential 
difference equation 

(1.16) R(x, m + 1)— R?(x, m)+ Rk’ (x, m + 1)+ R’ (x, m) = L(m)— L(m + 1). 
We shall take the view that the entire Factorization Theory is implicitly con- 
tained in this fundamental equation. To a given function k(x, m) corresponds 
a factorizable Sturm-Liouville equation if the expression formed with k(x, m) 
according to (1.16) is independent of x. A discrete spectrum function L(m) 
is thus determined by the same equation. The constants A," appearing in 
the recurrence formulae are then given by (1.4). 

The equation (1.16) was derived by Stevenson and Infeld [3], who have 
tabulated a number of solutions k(x, m) with their corresponding L(m). They 
have shown that there are no polynomial solutions in powers of m or m™ of 
degree higher than the first. A solution such as (—1)"f(x) leads to L(m) = 0, 
and is of no further interest here. If k(x, m) and L(m) constitute a solution 
of (1.16), it is easily verified that 
(1.17) —k(—x, m), L(m) k(—x, —m), L(—m) 

. —k(x, —m), L(—m) —tk(ix,m), —L(m) 
also constitute solutions. It is now sufficient to consider only positive values 
of m. 

To find the solutions of (1.16), let us first assume with Stevenson and 
Infeld [3] that 
(1.18) k(x, m) = ko(x) + mk,(x). 

Substitution of this form into (1.16), combined with the requirement that all 
coefficients of m in the resulting expression be constant, leads to ordinary 
differential equations for k(x) and K(x). These are 

(1.19a) k?+ ki’= — a’ 

(1.19b) Rokit+ ko’ = — ya? 

where a’ and a’ are independent constants. Direct solution of these equations 
leads to the functions' (a, b, c, d). Employing the fourth transformation in 
(1.17) above, we have also (e) and (f) as real solutions of (1.16). These six 
functions will lead to reducible recurrence formulae. 

Another trial solution for k(x, m) is 


(1.20) k(x, m)= ko(x)+ mk;(x)+ m"k_1(x). 





‘See Table I. 
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By the same procedure it is found that ko(x) =0, and that k_,(x) is a constant; 
ki(x) must again satisfy the equation (1.19a). In this way (g) and (h) are 
determined, and (4), (7) follow from another application of (1.17). These are 
examples of irreducible recursion formulae. Clearly the differential equation 
which determines k;(x) (or ko(x)) permits only first order singularities; a fact 
which we used in the proof of Theorem 1. We tabulate these functions, their 


associated spectrum functions L(m), and the fundamental ranges appropriate 
to each. 


2. Eigenfunctions on an Infeld ladder. We shall now consider the case 
L(m) an increasing function of m, which by Corollary 1 leads to finite ladders. 
If k(x, m) is linear in m, we have two reducible recursion formulae, and should 
expect to find two closed formulae for u;". The two necessary starting points 
are easily found, but, as we shall see, one of them is sufficient to fix only the 
form of the eigenfunctions as transforms of certain polynomials. We shall 
treat first (1.3a), then (1.3b), defining functions F;(z, m) and G;(z, m) as the 
corresponding solutions of the F-equation. The details of the two reductions 
are different, so that it is advisable to set both down explicitly. 

The recurrence relation (1.3a) 


AP hy)" = (ee m+ 1)- £) u,™ 
dx 


is equivalent to 


£ Gas ue) | oo Ayrtig tht [= m+2)d» wire) | ; 
x 

According to (1.11) we define 

(2.1) s= [. jv dx 


and 
U —t -f% h(», m+1)d> 
(2.2) F,(z,m)= (—1)™( II Ay’) e ?* uy™(x). 
r=m+1 
It is then found that 
(2.3) dF {(z, m) 


as = F,(z,m + 1) 
which is the F-equation in the variables z and m. 

Because A;'*! is zero, F;(z,1) has a zero derivative, and is a constant. 
F(z, 1 — 1) is a linear function of z, and in general F;(z, m) is a polynomial of 
degree] — minz. The bottom of the ladder (m = 0), is reached with F;(z, 0) 
a polynomial of degree / containing / +1 unspecified constants of inte- 


gration. The complete knowledge of F;(z,0) would enable us to determine 
the F(z, m) by differentiation. 
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The ladder u;'. . . u;° is actually constructed with the formula (1.3b) 
Au," = (eee m-+1)+ <) uy"*, 
dx 


which can be written 


d | a ime) | 


* akd * k(v, m—1)d 
Are * | J P "uma |. 


dx 
° bad r Akdv 

As in (2.1), define s= ge dé, 

and 
= - od v, m)dv 

(2.4) Gi(z,m) = ( II A’) bat . uy (x). 
r=0 

The recurrence formula is then 

(2.5) © G(s, m) = G(s, m — 1); 

dz 


the F-equation in the variables z and —m. 

Note that the new independent variable z is the same in both cases. In 
practice, k(x, m) has no singularities except at the ends of the fundamenta! 
interval, so that Ak is continuous in the open interval; z is then a monotone 
strictly increasing function of x in the same interval. The arbitrary constants 
%q and x, are to be chosen so that z will appear free of unnecessary constants. 

From (1.7) it is known that 
k(v, 1+1)de 


us = Ced* 
which implies 


(2.6) Gi(z, 1) = ci i ary otnounnes 
, 4 
: ci( I 4:) g:(2) 
where 
(2.7) gi(z) = exp | [7 a0. l) + k(v, 1 + 1)dy | 


is chosen to take the value 1 where x = xo. With this definition we have the 
normalization 


(2.8) C= | | *eusyas i” 


where (Ze, 21) is the fundamental interval for z. 

The functions G;(z, m) are the successive derivatives of G;(z, 1), and can be 
calculated once g;(z) is known as a function of z. In practice it is easy to find 
the expression for g:(z), which we shall call the generating function of the /th 
ladder. 


a a a es 


i 
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It is now possible to compare the expressions (2.2) and (2.4) for u;"(x), and 
to find the explicit form for F;(z,0). Thus 


U “1 . yd ¥ )dy 
F,(z, 0) = (11 A’) a Sabo. ne u%(x) 


r=1 


U “4 .{* ¥, ¥, ¥ 
(11 4,) F fie 1) +k(», 0)d Gils, 0) 


r=l 


(2.9) 


: 2 1 @ 
C\A ( ILA ‘) —— om 
Al a l Zo(2) qe! gi(z) 


oe 4 
cae (IL 41) = © olf. 
~~ ia dz™ go(z) dz! &x(s) 
The closed formulae for u;"(x) which we seek are: 


Then we have 


(2.10) F,(z, m) 


ll 





from (2.2) 

(2.11) ui"(x) = (-ys(_ I av) ddratie a. a) 
and from (2.4) 

(2.12) ui"(x) = (fi A’) Py aaa 


The latter can be expressed entirely in terms of the generating function g,(z) 
if we make use of (2.6) and (2.7). The final result is, then: 


1 q'-™ 


Ven-a(z) a gi(z) 





(2.13) u(x) = ci ( il Ar)" 


r=m+1 
where 


gi(s) = exp | [. k(v,l + 1)+ ky, Dar | ; 


A,"= | x0 +1) — L(m) |: and C; = | [aus as | 


The normalization of (2.13) over x is equivalent to the normalization over z 
of the orthogonal polynomials 


1 d'-™ 
(2.14) as ye gi(z) (l/=m,m+1...) 
with weight function g,,(z). 

According to our programme, we have mechanized the construction of the 
eigenfunctions in two different ways. However, one of these is illusory, be- 
cause there is no independent starting point for it. The equivalence of the two 
formulae for u;” implies that 
(2.15) F{(z, m)gm(z)/Gi(z, m) 


is a constant, independent of z. This is easily verified by induction on m. 
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We can now apply these results to the k-functions of reducible Infeld type. 
Taking first 


(2.16a) k(x, m)= a(m + 7) cot ax + 





. 0<x< > 
sin ax a 


we find from (1.16), (2.1), (2.6) and (2.7) 
L(m) = a*(m + 7)? 
_ am + 7 + 1)(m + vy) —C*—2Ca(m +7 + 4) cos ax 





r(x,m) = _ 
sin” ax 
(2.17) az = — COS ax —-l<saz<l 
Cc 
giz) = (1—az)'*”** (1 +42) "7 ** 


c c 
F(z, 0) = const. P;(as)“*7*! grityt+i+5) 


where P/*"(az) denotes the Jacobian polynomial of degree / [4]. When the 


necessary condition 





= <Il+y +3 is satisfied, the normalized eigen- 
a 


functions are given by 
aim (+7 +1) T+ m +27 +2) i 


u,"(x) = 
grits ( C 3) r( ¢ 5) 
Til —+—)Ti{/l — —+—)r(l— 1 
(2.18) tet +4 +¥ ois (1 — m + 1) 





(mtyvtit©,mty+4—-F) 
« «/(cos ax). 


c 
+ (sin ax)"*7*" (tan =) f Pri. 


Several particular cases of this formula can be noted. To obtain the spherical 
harmonics, set C = 0,a = 1,7 = 0. Thecases C =+}4,a = 1,7 =— $ are 
closely related to Weyl’s spherical harmonics with spin, and are in fact the 
radial and angular eigenfunctions of the Dirac electron equations in a spherical 
universe. Similarly the cases C = + }, a = 1, y = 0 lead to the angular 
wave functions of an electron in a magnetic dipole field. 

The second type has a semi-infinite range for x. 


m+vy , bx 


(2.19) k(x,m) = t+? O<x<~) b<0. 





The formulae 





) 252 
r(x,m) = ~ mayest + b(m + 7 +4), 
L(m) = — 2b(m + 7), 
22 = x? 0<2< o, 
(2.20) gi(z) on gtrtigs 


F,(z, 0) = const. L;* »(— bz) (cf. [4]), 
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follow from the definitions. For the normalized .igenfunctions we have 


2.21) —z— (ht 
( uy™(x) = 1 (=) , a Li-nw'™*” +) (- te), 
Pl—m+1)' T+7+4%)'\2 2 


Bessel’s Equation is a limiting case of each of these types, for in this case 





(2.22) Men) o 23 
x 
Lim) = 0. 
In (2.16) set c = 0, y = — } and let a tend to zero. Similarly, set b = 0, 
y = — 4 in (2.19). The ladders break down because L(m) does not vary with 


m. However, the Bessel equation can still be factored into a pair of adjoint 
recurrence formulae. In fact, 





(2.23) " +4 -4\7,- Lats 
x dx 

and — + at Zn= Zm~t 
x dx 


differ only by the sign of m. 


The third type is comparatively simple, in so far as k(x, m) is independent 
of m. Choosing the origin so as to obtain the simplest formulas, we have 


(2.24) k(x,m) = —x —-e2<ixr< om, 
Then r(x,m) = — 2m — x*+ 1, 

L(m) = 2m, 
(2.25) s= x, 

giz) = e, 

F,(z,0) = const. H;(z), (cf.[4]). 

The normalized eigenfunctions are 
(2.26) ujy™(x) = x *2> > rl —m+1)"'e 7 Hi_n(x). 


A factorization of this type leads to the solution of the problem of the harmonic 
oscillator. 

In this section we have considered finite ladder problems on finite, semi- 
finite and infinite ranges. From the three examples it is seen how the various 
classical orthogonal polynomials emerge in a very natural way from the 
analysis when k(x, m) is linear in m. 


3. Eigenfunctions on a Schrédinger Ladder. We turn now to the solutions 
k(x, m) of (1.16) corresponding to L(m) a decreasing function of m. The theory 
of the last section needs some modification, for the roles of the two recurrence 
formulae are now interchanged. The formulae (2.1) to (2.5) with (J+ 1) re- 
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placed by / carry over except for a constant factor in (2.2) and (2.4). Fora 
starting point we have now, according to (1.8), 


- k(v, Dede 
u;' = Ce Xo 


which implies 


=f k(v, 1 +1) + kv, Dede } 
F(z, Ll) = (- 1)'Cye wis 
(3.1) = (— 1)'Cgi(z). 
Thus the generating function of the infinite ladder for the eigenvalue L(/) has ' 


the form of the reciprocal of the generating function of the finite ladder with 
eigenvalue L(/ + 1). The normalization integral is 


21 —% ? 
(3.2) C= [| a . . 
to gi(Z) 


The analogue of the final formula (2.13) is now to be found with (1.3a) and it ) 
turns out to be 


m ~1 m—l 
(3.3) uim(x) = Ci Il A’) (— 1)" Venue) 2 (+). } 





y=i+1 dz™—! 


The normalization of the u’s again corresponds to the z normalization of the 
orthogonal functions L 





(3.4) a et. (= 0,1... m) 
| on\S) 1 2(8) itp.) 
and weight function 
&m(zZ) 
We shall apply these formulae to the linear k-functions for which L(m) is a 
decreasing function of m. The first of these is the exponential solution ‘ 
(3.5) k(x,m) = Ce&*— B(m + y) —e<xr<om, ° 
With Lim) = — #(m + 7)? 
r(x,m) = 28C(m + y + 4) e*— Cre, 
_ Bz = er ' 
: _-= 
(3.6) gi(2) on (— Bz)? +7 +H, Bs 


the eigenfunctions are given according? to (3.3) by 
at C px 2] 
(3.7) ui™(x) = const.e9t Ve FL, POY (> e*) ‘ 


We shall later apply this formula in connection with the Euclidean Kepler 
Problem. 
The first of the hyperbolic solutions is 





(3.8) k(x, m) = B(m + y) coth Bx + —-2o <x<0, 


sinh Bx 





*See Appendix. 
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which leads to 
L(m) = — 6*(m + 7)? 
r(x, m) = _ B(m + y)(m + y + 1) + C? + 28C(m + ¥ + 4) cosh Bx 





sinh*8x 
(3.9) Bz = cosh Bx 1<pzs<@ 
Cc Cc 
gi(z) = (6s — 1) *"** "ee +1) *7***o, 
The eigenfunctions are 
c 


. a Bx\ 8 
(3.10) u;"(x) = const. (sinh Bx) *( tanh ) . 
c c 
Pe ad Settee (cosh Bx). 
For the normalization, |m + y| < . is necessary. Thus the normalized solu- 


tions end at the same “height” on each ladder. 
The second hyperbolic solution is 








(3.11) k(x, m) = B(m + +) tanh Bx + C —-2 <x < @, 
cosh Bx 
L(m) = — 6*(m + 7)’. 
We have 
tinehe « 62(m + y)(m + y + 1) + C? + 28C(m + vy + 4) sinh Bx 
= cosh?8x ; 
(3.12) Bz = sinh Bx, 
iC iC 
gr(s) = (1 + igs) 77 ** (1 + ips) "7793 
The eigenfunctions are 
iC 
‘\8 
(3.13) u;"(x) = const. (cosh Bx)~"~” tanh (= + ss) ; 
iC 
Pp} "~ 77 8* 5) (é sinh Bx). 
This last expression has only real values. 
Lastly we observe that the two functions 
(3.14) R(x, m) = F747 b> 0; 
x 


(3.15) =+*x 


also lead to infinite ladders. The formulae are not essentially different from 
the corresponding results in the last section; so we shall not include them here. 
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4. Eigenfunctions for the irreducible types. We turn now to the non- 
linear functions of m listed in section one. The first three of them occur in 
the radial equations of the Kepler Problem in the Euclidean, spherical, and 
hyperbolic spaces, respectively. For these solutions the reducibility condition 
of Theorem 2 is not satisfied, so that we cannot apply the method of the fore- 
going sections, which consists essentially of reducing to the F-equation the 
difference equations resulting from the factorization. However it is possible 
to transform the second order differential equations and to modify them in an 
artificial way, so that they can be factorized into reducible recurrence formulae 
of the types we have already treated. 

The problem in the Euclidean space is the simplest of the four, and we shall 
treat it in some detail to illustrate the method employed. We have to solve 
the equation for the densities /, 

x x (i + 7)? 
The factorization of (4.1) leads to Table I, g and the method based on the 


linearity of k(x, m) fails. Perform instead the transformation 


f=xtu;x=e 








f=0. 


and obtain the equation 


7 1 | u(t nim ty ti) u a0. 


This equation is quite similar to the equation of the exponential type in the 
preceding section. Let us introduce a new, artificial paramater “‘n’”’ in such 
a way as to make the two equivalent. This procedure was suggested by 
Hull [5], who pointed out its analogy with Schrédinger’s original factorization 
of this equation. 


We find that the equation 

a+y . ye?" 
y e— 

l+¥ (1 + 7)? 
is an equation of the type (3.6), leading to recurrence relations 


ven d\ Ui.n+i™ 
(4.4) 177s (wtrtaye Sh Ment 





(4.2) u’’ + | 2ve* — 





(4.3) uy’ + | 2 ] uy— (m + 7 + $)*ui= 0 





tu) .™ 
=[ @+r4 pm trtaye | 


u1, a1" ; 
For a given (1, m) we obtain an infinite ladder with n = m,m + 1,m + 2,... 
For n = l, (4.4) is (4.3), so u;, ("= u;". To identify (4.4) formally with (3.6) 
let us make the substitution 


Exponential type <x B Pte 4 ¥ 
(4.5) v 





Kepler problem 2 n m y¥—-}. 


I+ y¥ 
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We can now quote the densities as 


(4.6) fr*= xu) = Cx™tity Ly wt (2) ; 
L+ y¥ 
To find the normalization of these functions, we recall that the normalized 
densities are given by a succession of operations of the form (Table I, g) on a 
normalized starting function like (1.7). The coefficient of the lowest power 
of x in a series expansion about x = 0 is easily worked out for this function. 
Comparison with the lowest coefficient in (4.6) leads to the desired normal- 
ization. As the formulas are complicated we omit them. 
The spherical space [6] with quadratic form 


ds*= R*(dx?+ sin%x(d@+ sind¢")), x = 


requires that we solve the radial equation 





(4.7) s’’+-(2y cot x)s — (m + 1) (m +7+}) s+(A+ 1s = 0. 
sin*x 
The factorization of (4.7) directly yields (Table I, #). Again, let us transform 


ate P x , —_ 
by the substitution s = sin*x u; tan r = e* and introduce an artificial para- 


meter m in such a way that the radial equation is recovered form = 1. The 
result is the pair of recurrence formulae: 


(4.8) { y 1 d row 
cman — tanhzs + — 
l+y7 coshz wt sree dz) 4i.n™ 





‘ 
=| @tytar- m+ +B? | oi 


Ut.n+1™ 


Returning to the use of x as variable, we may write the second of these as 








d atyt+t 0 vx 7 atyt+l —vx 
ssn x et ua) | =const.sin x +741, n41"(x); 
d(cot x) 


and with the starting point 


mtytt —rz 
ti, m™"(x) = C sin s @tT 
we find 
——y qi-™ 2(m+y+1) — 2% 
si" =(sin x)'u;, "= Csin x 7 —_———— sin x e 'ty 
d(cot x)*"™ 
l+y7 vx ty iv 
, = -l-y--— 3 —l-7+7—) |; 
(4.9) =Csin x e 't7 Pim‘ A TT) (4 cot x). 


The normalization can be effected in the same way. The formulas (4.8) are 


an example of (hk). Allowing v to become zero we of course recover the spherical 
harmonics. 
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The Kepler problem in the hyperbolic space can be similarly treated. We 
transform the usual radial equation [7] by the substitution 


, x 
s = (sinh x)'u; e?= tanh ; 


and introduce m. The result is the pair of recurrence formulae of the form (7). 


v 1 d Ui,n+i™ 
— (n++7+4)cothz + — \ _s 
a "**** dz J ti. 


, 
- | ( +y+$P—-(m@t+yt+ a | 








(4.10) { 


i.n™ 
U1, n+1” 


Using x as variable, we find the starting point 
Ut, m™(x) = C(sinh x)™*7+ oF, 0<x<o 
and the densities 


Joga 


(4.11) sj*= (sinh x)*u;, "= C(sinhx)'t%e¢ 7P,_,,6 7" 9) (coth x). 


The normalization can be achieved only when (1 + y)?< », so that there is 
a finite number of discrete energy levels in the hyperbolic space. This is just 
what the behaviour of L(m) given by (Table I, 4) predicts. For (m + y)*< » 
this function increases, but at (m + )*= » it has a maximum and decreases 
again. The ladders corresponding to larger values of / + y cannot get started 
because L(m) is a decreasing function for the initial steps down the ladder. 

Our last example is a similar equation with no physical analogue, which leads 
to normalized eigenfunctions on Schrédinger ladders when (/ + 7)? >». We 
can treat this type, given by (J, 7), in the same artificial way, finding the 
formula on an infinite ladder by means of an artificial finite ladder. Let us 
perform the transformation 


z 
s = (cosh x)'u; e*= tan ry 


and introduce m as before. We find two relations of the first type discussed, 
namely (J, a): 
yt 4 (nt +4) cots te £) tenes 

Z 


1+ ysinz dz) Ui,n™ 





(4.12) { 


bay ™ 
ui, a+i” 


=| (m+ +y'- mt+y+o?| 
The starting point is 


Ui, m4i™(x) = C (cosh x)~ "+7 *» ty 
corresponding to a “density” s;" which is square integrable over (— ~, ©) 
if (1+ y)?>v. The eigenfunctions can be found as functions of z with the 
aid of (2.18). 


eae Pha heel rl 


ee ee ee 


_ 
t 
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This last example serves to complete the pattern of the artificial corres- 
pondence of the finite and infinite ladders with the linear and non-linear k- 
functions. The changes of variable were all such as simply to interchange 
the roles of the “quantum numbers” / and m in the differential equations. 
The allowed values “‘all m less than /’’ become “‘all m greater than m,"’ where n 
takes the place of /. Thus a finite ladder scheme should transform into an 
infinite ladder scheme, and vice versa. 

We can summarize the work as follows. First we found conditions which 
ensure the existence of ladders of normalized eigenfunctions, and showed that 
two distinct classes of ladder are possible. Truesdell’s reducibility condition 
was then enunciated. The factorizations were obtained by a method due to 
Stevenson and Infeld. The problems of Infeld’s class led to finite ladders, 
while those of the class due to Schrédinger involve infinite ladders in general. We 
applied Truesdell’s condition to the recurrence equations so found. It turned 
out that there are reducible and irreducible cases belonging to each class: four 
possibilities altogether. The next step was to work out formulae for the 
normalized eigenfunctions belonging to the reducible problems, and this was 
done for the Infeld ladders in section 2. The reducible Schrédinger problems 
were treated in section 3. Finally, in the last section we used a device 
which transforms each of the irreducible types into one of the known reducible 
problems belonging to the opposite class. An interesting artificial corres- 
pondence between the Infeld and Schrédinger ladders was thus established. 
In all cases treated we were able to find the normalized eigenfunctions explicitly. 

Much of the elegance of the Factorization Method is due to the quite ele- 
mentary character of the methods employed. We needed in addition one 
simple F-equation formula, and found results which are applicable to the 
fundamental pure problems in Quantum Mechanics. 

I wish to thank Professor Infeld for his advice and encouragement through- 
out. Professor Truesdell very kindly read the manuscript, and his helpful 
criticisms are much appreciated. 


APPENDIX 


The formula used for the Laguerre function in (3.7) involves the evaluation 
of an nth derivative of the form 


n 1 
dv" 
1 


. —«-1 = : bo , 
To evaluate D,* consider the product v.v e*’ and differentiate it m times by 
Leibnitz’ Rule. The result is 


D,* =v é D,-1"*'+ nD,—1"*". 
dv 


Then 


“ (v"D, 1°) = y® [of D+ nDp**] = yp y"tip,* 
v v 
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whence 
d 


nea wer (v"D,-1°*") = yt," 
(3) 
v 


this is a statement that 


(-9e+(-4) 


yi 


Setting v= — 2 
Fa 


is a solution of the F-equation in the variables (y, a). 


Then 
$(-de(-D)-E (rr) 


= (— 1) nly te L(y) 


using a well-known mth derivative formula for L,,~“"(y)._ The result is 


D,*(v) = (- 1ytnl vt oF L? ( — +). 


v 
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ON A THEOREM OF LIOUVILLE IN FIELDS OF 
POSITIVE CHARACTERISTIC 


K. MAHLER 


A classical theorem of J. Liouville! states that if z is a real algebraic number of 
degree n > 2, then there exists a constant c > 0 such that 


a 
z- - 


b 


= oP 








for every pair of integers a, b with b + 0. 
This theorem has an analogue in function fields. Let k be an arbitrary field, 
x an indeterminate, k[x] the ring of all polynomials in x with coefficients in 


k, k(x) the field of all rational functions in x with coefficients in k, and k<x> 
the field of all formal series 


w= agx! + ayy x! + ay_ox’ 4+... 
in x where the coefficients a;, ay_1, @y_2,...areink. Thus k(x) is the quotient 
field of k[x] and a subfield of k<x>. 
A valuation |z| in k<x> is now defined by putting |0| = 0; but |z| = e’ if 


z= ax! + ay_yx!+ ay_ox! +... and ay$0. If z lies in R[x], then log |z| 
is simply the degree of z. 


With this notation, the analogue to Liouville’s theorem states: 


THEOREM 1. [f the element 2 of k<x> is algebraic of degree n > 2 over k(x), 
then there exists a constant c > 0 such that 








z- S > a 
b| ~ |b" 
for all pairs of elements a and b + 0 of R[x). 
Proof. Denote by 
f(y) = aoy"*+ ayy” +. . .+ an, where ao+ 0, 


a polynomial in y with coefficients in k[x] which is irreducible over k(x) and 
vanishes for y = 2; further put 


g(y) = doy" *+ (aot + a1)y""*+ (ao? + aiz + a2)y"*+... 
+ (agz" + ays" ?+. . .+an_1). 





Received April 28, 1949. 
1C.R. Acad. Sci. Paris, vol. 18 (1844), 883-885, 910-911. 
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Then 
f0) _ $0)- f@ _ py) 
> Meee 7s 
identically in y, and therefore 
f(y) 
y-s=— 
g(y) 
Put 
max (acl, las|,..., lanl) = cx, max (1, lel) = ce 
and take 
y => G 
b 
where a and 6 + O are in [x]. 
If 
Fi > C= \s|, 
then 
(1) ‘-; = - >a> re since |b| > 1. 
Next let 
ils 
so that 
(| sa 





The expression 


vy(*) = aoa"+ a,a"""b +. . .+ and" 


lies in k[x] and does not vanish since f(y) is irreducible and at least of the 
second degree. Therefore 
a 
~ & _ 
= I (<) 


(9 


> |d\-, 











whence 











(2) : (2 2 ae 
\5 


If we now put 
a (0. =) 
c¢ = min | ¢2, , 
Cc." 


then the assertion of the theorem is contained in (1) and (2). 





——_ oe eo 





| 
| 
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In the case of a real algebraic number of degree n > 3, Liouville’s theorem 
is not the best-possible, and it was first improved by A. Thue,? who showed 
that, for every « > 0, there is a constant c(e)> 0 such that 











for all pairs of integers a and 6 +0. Still better inequalities were given by 
C. L. Siegel* and F. J. Dyson.‘ A similar improvement is possible in the case 
of the analogue of Liouville’s theorem for algebraic functions, if the constant 
field k is the field of all complex numbers, or, more generally, any field of 
characteristic 0, as was proved by B. P. Gill.* 

It is then of some interest to note that the analogue of Liouville’s theorem for 
algebraic functions cannot be improved if the ground field k is of characteristic p 
where p is a positive prime number. Indeed, the following result holds. 


THEOREM 2. Let k be any field of characteristic p, x an indeterminate, and z 
the element 


oe ee ee ee 


of k<x>. Then z is of exact degree p over k(x), and there exists an infinite 
sequence of pairs of elements a, and b,+ 0 of k{x] such that 








g—<*| = |b,|-7, lim |b,| = @. 
ba n>@o 
Proof. lf a,b,c,...are elements of k<x>, then 


(a+b+ce4...)?= a?+ b?+ c?+..., 
by a well-known property of fields of characteristic ». Hence, in particular, 
Be (Pb Oe me (te Pt +...) 
and so z is a root of the algebraic equation® 


(3) 2?—z+x'=0 
of degree » over k(x). 


Put, for 2 = 1, 2,3,..., 
An = x?™ (xx P+. x?” "), by = x?” 


* Norske Vid. Selsk. Scr. (1908), Nr. 7. 

* Math. Zeit., vol. 10 (1921), 173-213. 

‘Acta Math., vol. 79 (1947), 225-240. 

5Ann. of Math. (2) 31 (1930), 207-218. 

*l am indebted to E. Artin for the remark that z is algebraic if k is of characteristic p. Ifk 
is of characteristic 0, then z is, of course, transcendental over k(x). 
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so that 


\bn| = e?”*, and |z — = = |x a-7 +. . | = o-?* = |b, |-*. 


n 


The assertion will therefore be proved if we can show that z is of exact degree 
p. But, by Theorem 1, z cannot be of lower degree than , unless it is of 
degree 1 and lies in k(x). Suppose then that 


where A and B + 0 are elements of k[x]. Since the fractions a,/b, are all 
different, 


= +2, Ab,— a,B +0, |Ab,— a,B| > 1, 


n 


for all sufficiently large ». But then 


\b,\-? = |s — 





whence 
[Bl > |b.|>, 
contrary to the fact that 
lim |b,| = @. 
n-}o 
It would be of interest to investigate whether the analogue of Liouville’s 
theorem remains still the best-possible for elements k<x> not in k(x) which 
are of a degree less than p over k(x). 


Institute for Advanced Study, 
Princeton, N.J. 
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